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ABSTRACT
In the 21% century, software reliability is a significant issue as computers are the most preferred
system in almost every global sector. A software is reliable if it can perform its functions for a
specified period under specified conditions without causing system failure. A software neither
wears out nor burns out and does not fail unless flaws within cause a failure in its dependent
system. As such, software reliability testing is performed in the development phase to correct
the flaws within the software. Among the non-homogeneous Poisson processes (NHPP)
software reliability growth models (SRGMs) proposed and used in software reliability
assessment is the Delayed S-shaped model with two unknown parameters a and g, that must
be estimated. Most research works have fitted the model to software failure data and obtained
point and interval estimates of the unknown parameters using the Maximum Likelihood
Estimation (MLE) and Bayesian approaches. However, the construction of Bayesian credible
sets for the parameters of this model and the comparison of their accuracy with the traditional
Wald confidence intervals based on simulation has not been explored. Predictive analysis on
the model has been explored using the Bayesian method with gamma-distributed informative
prior. More optimal methods can be developed based on the priors assigned to the unknown
parameters to enhance accuracy in modifying, debugging, and determining when to terminate
software testing processes. This study introduced a non-informative prior given by 1/af and
also used 1/a prior existing in the literature and gamma-distributed informative prior to
construct Bayesian credible intervals, compare them with Wald confidence intervals using
interval lengths and coverage probabilities, and perform predictive analysis. Markov Chain
Monte Carlo (MCMC) via Metropolis-Hastings (MH) within Gibbs was used to sample the
parameters from their respective conditional posterior distributions. Bayesian approach was
also used to address four prediction issues closely associated with software reliability testing.
The issues have been outlined as Propositions I, 11, I11, and IV for the case of non-informative
priors, and 1.1, 1.1, 111.1, and IV.1 for the case of the informative prior. The study found that
the Bayesian method with gamma-distributed informative and 1/af3 priors yielded more
precise interval estimates than the Wald confidence intervals. Moreover, the study developed
methods for addressing the outlined single-sample prediction problems and illustrated them
using secondary software failure data. The methods developed in this study can be used in

software quality assessment.
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CHAPTER ONE
INTRODUCTION

1.1 Background Information

Daily life situations yield random processes identified as Poisson processes. Some of
these processes depend on time and are modelled as Non-Homogeneous Poisson Processes
(NHPP). An NHPP is a mathematical model describing the occurrence of events over time,
where the average rate of occurrence varies with time and is represented by an intensity
function. Practically, most real-world processes exhibit variations in their average rate of
occurrence over time, making NHPP models widely used in several applied fields, such as
communication, transport, businesses, imaging, and genomics. A good example is software
development, where researchers have proposed different NHPP models for software quality
testing. In the 21% century, software reliability has become a significant issue as computers are
the most preferred system in various operations in different sectors, including healthcare,
aircraft, industrial and quality control processes, and surveillance. Software is reliable if it can
accomplish its defined functions for a specified period of time under a given environment
(Pham & Pham, 2000). Thus, software reliability is the probability of software operating for a
specified period under specific conditions without causing system failure (Lai & Garg, 2012;
Robles, 2011).

In the software development phase, some errors may be present in the software or could
be introduced in the development process. The errors have to be detected and removed to ensure
reliability and prevent failure. An error is a cause of failure, more precisely defined as an
improper deviation from a normal procedure (YYamada et al., 1984). While it is possible to have
fault-free software that will not fail, it can only be achieved if the faults in the code have been
removed. One important feature of the software is that it neither wears out nor burns out and
does not fail unless flaws within cause a failure in its dependent system (Lai & Garg, 2012).
Failure-free software presents numerous benefits to software developers, including increased
software quality, improved testing productivity, reduced testing costs, and improved release
time to market (Lai & Garg, 2012).

Software reliability modelling comes in handy when addressing software quality issues.
Software reliability assessment has used the NHPP software reliability growth models
(SRGMs), yielding reliable results. SRGMs are mathematical functions that illustrate how
software errors are detected and removed, precisely defined as technologies that enable the
guantitative assessment of software reliability (Inoue & Yamada, 2006). The NHPP SRGMs



have accurately captured the error detection and removal processes, enabling the estimation of
costs for maintaining undiscovered faults. Generally, this process of using various models to
assess software reliability is known as software reliability modelling (SRM). SRM aims to
describe the fault-related behaviour of software testing processes, including error detection,
introduction, and removal (Xie et al., 2007).

Over the past decades, researchers have proposed several NHPP models for software
reliability assessment. The NHPP delayed S-shaped SRGM was developed by Yamada et al.
(1983) by modifying the earlier versions of the Goel-Okumoto (GO) model to introduce a new
model with a mean value function that exhibits an S-shaped growth curve. Yamada et al. (1984)
modified their earlier version to propose a software quality assessment method integrating
capture-recapture sampling and SRGM. The model is unique and more appropriate because it
assumes a delay between the first failure observation time and the reporting time (Lee et al.,
2014). The NHPP Delayed S-shaped model has a mean value function that reflects the delay
in failure reporting time. It has two unknown parameters denoted by a and 8, where « is the
expected total number of errors in software before testing, and g is the failure detection rate
per fault (Hanagal & Bhalerao, 2018). Over the years, various researchers have derived point
estimates of the parameters of this model and constructed interval estimates using either
Maximum Likelihood Estimation (MLE) or the Bayesian approaches. In the MLE, the
sampling distributions of the estimators are assumed to be asymptotically normal. However,
interval estimates based on this approach may be inaccurate and biased for small sample sizes.
Given the limited availability of historical data, particularly in the case of new software
projects, software developers often face challenges in accurately estimating reliability (Lee et
al., 2014). In such scenarios, the Bayesian approach is reasonable, enabling more informed
decisions and mitigating uncertainties associated with insufficient historical data. The Bayesian
approach requires predefining prior distributions of the parameters, which could be either
informative or non-informative.

The main goal of software quality testing is to identify and rectify errors, defects, and
potential issues within the software during development. Predictive analyses have been
performed on the NHPP Delayed S-shaped model using the Bayesian approach. Predictive
analysis is crucial in determining the optimal time to terminate the software development
testing phenomenon (Yu et al., 2007). Both estimation and prediction may be based on the
number of faults or inter-failure times. The time required to correct a software error cannot be
neglected in the testing process: each detected error has to be reported, diagnosed, removed,

and verified before concluding that it is corrected (Xie et al., 2007). Moreover, the accuracy in
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estimation and prediction depends on the methods used in constructing posterior distributions,
such as prior functions. Until now, a flat prior given by 1/a and gamma-distributed informative
prior have been used with the Delayed S-shaped model by Yin and Trivedi (1996) and Lee et
al. (2014), respectively. However, gamma-distributed informative prior has been used in
predictive analysis but not interval estimation. Depending on the prior distributions assigned
to the unknown parameters of the model, more optimal methods can be developed based on the
Bayesian approach. Moreover, more issues closely related to software development testing can
be addressed using this model. Therefore, this study constructed Bayesian credible intervals,
compared them with Wald interval estimates, and conducted Bayesian predictive analysis using
a gamma-distributed informative prior and two non-informative priors, 1/a and 1/af,

addressing issues that may be of interest during software quality testing.

1.2 Statement of the Problem

The application of computers in various sectors is increasing at a higher rate, leading to
major considerations about software reliability. The NHPP Delayed S-shaped SRGM has been
used in several reliability testing processes and has yielded reliable results. Most research
works have fitted the Delayed S-shaped model to software failure data, in which point and
interval estimates of its parameters have been obtained using either the MLE or the Bayesian
method. However, the construction of Bayesian credible sets for the parameters of this model
and the comparison of their accuracy with the traditional Wald confidence intervals based on
simulation has not been explored. Given the challenge of limited historical data in software
quality testing, simulation provides a more efficient approach for evaluating model
performance. Moreover, the rapid changes in software development require optimal methods
to improve reliability testing processes by enhancing accuracy in estimation and prediction.
The Bayesian approach is advantageous as it can yield reliable results even when the sample
sizes are small since it incorporates prior information. Existing literature has considered the
joint prior distribution given by 1/a, while the gamma-distributed informative prior has not
been used in interval estimation. This study introduced a non-informative prior given by 1/af3
and extensively used gamma-distributed informative prior to construct Bayesian credible
intervals and perform predictive analysis. The study compared Bayesian credible intervals with
Wald confidence intervals using coverage probabilities and interval lengths. Predictive analysis
was performed to address software testing issues closely related to software development,

which had not been addressed using the Delayed S-shaped model.



1.3 Objectives
1.3.1 General Objective

To carry out a study on Bayesian interval estimation and predictive analysis on the Delayed S-

shaped software reliability model with intensity function.

1.3.2 Specific Objectives
i.  To obtain Bayesian credible intervals for the shape and scale parameters of the NHPP
Delayed S-shaped SRGM using informative and non-informative priors.
ii.  Tocompare Bayesian interval estimates and Wald confidence intervals using coverage
probabilities and interval lengths.
iii.  To perform predictive analysis on the model using informative and non-informative

priors.

1.4 Assumptions of the Study
I.  For the software failure times given by 0 <t; <t, <--<t, <T, if T is time
truncated, then T = t,,.
ii.  Simulation emulates software end-user environment and can generate inter-failure

times data for the study.

1.5 Justification

Software developers are often interested in the reliability of their software before
introducing it into the market. Software end-users also need assurance that the software they
acquire from the market will perform maximally throughout the operational lifespan, yielding
expected output. Due to costs associated with software development, software warranties are
hardly provided, and producers often attempt to avoid any responsibility for software failure
once the end-user has acquired it. Moreover, the software development process faces inevitable
errors arising during designing and testing. The errors may affect systems’ durability and
performance if not removed. To address such concerns, a software reliability test is conducted
during the development phase, ensuring that the testing cost is affordable and the test results
are reliable and appropriate for decision-making. Software development faces rapid changes
that require developing optimal methods to increase accuracy in testing and prediction. The
improved accuracy will ensure that software developers incur low costs in production but still
produce high-quality software. Such desired results can be achieved through estimation and
predictive analysis of the NHPP Delayed S-shaped software reliability model. The model

assumes a delay between the first failure observation time and reporting time, which reflects



the real testing scenario. Simulation provides a more efficient method for estimating model
parameters and predicting future failure occurrences. The developed methods will contribute
to accuracy in estimation and prediction, yielding results that can be used in software quality
assessment.



CHAPTER TWO
LITERATURE REVIEW
This section provides a review of other studies focusing on software reliability and the
application of NHPP Delayed S-shaped SRGM in software quality testing.

2.1 Counting Process

A counting process N(t) is a stochastic process with positive integers and non-
decreasing values, that is, N(t) = 0 for t > 0. The process is concerned with the number of
occurrences of an event within a specified period of time. The events are assumed to occur
randomly with the process, holding that if r <t, then N(t) — N(r) is the number of
occurrences of an event within the interval (r,t). Counting processes are extensively used in
software reliability analysis since the errors that lead to a software failure occur at random. In
this regard, error detection also occurs randomly. Homogeneous Poisson processes (HPP) and

NHPP are two examples of commonly used counting process probabilistic models.

2.1.1 Poisson Process
The Poisson process is a model for countable events that randomly occur at a certain
rate, with a known average time between them. Such events form Poisson random variables

with parameter 1 and a PMF given by:

p.(t) =i .1)

t!

A counting process N(t) is said to be a Poisson process if the following conditions are
satisfied:
(i) N(0) = 0: the failure at time zero.
(ii) Given any points t such that t = t, < t; < t, ... < t,, the random variables N (¢, t;],
N(tq,t;], ... N(t,—q,t,] are independent random variables, which is the independent

increment property.

{N(t+ At)— N(t)=1}

(iii) There exists a function A such that A(t) = A%gno Pr

A(t)
(iV) lim Pr{N(t+ At)— N(t)=2} —0
A(t)~0 A
These properties imply that:
n
Pr(N(t) =n) = %(fot/l(x) dx) exp (— fotl(x)dx) (2.2)



2.1.2 Homogenous Poisson Process
An HPP is a counting process that describes events occurring randomly within a given
time. A counting process {N(t),t = 0} is an HPP if it satisfies the following conditions.
i.  The failure at time zero, N(0) = 0.
ii.  The intensity function, A(t), is constant.
iii.  The number of events occurring at any interval of length t = t, — t; has a Poisson

distribution with the mean At.

e —-At ()\t)n
n!

P[N(tz) - N(tl) = n] = ,O < tl < tz, n= 0, 1, (23)
Iv.  The process has independent increments and stationary increments. That is, a point

process has stationary increments if, for all k, [P r(n,n + s) = k] is independent of t.

It further has the following assumptions:
i.  Two or more events cannot occur at the same period in time.

ii.  Events are independently and randomly generated.

An HPP has the following properties:

i. A process is an HPP with constant intensity function A if and only if the times between
events are independent and identically distributed exponential random variables with
mean %

. Ifo<t <t, <-- <t, are the failure times from an HPP, then the joint probability
density function (pdf) of t,, t,, ..., t,, is given by;
f(ty,ty oty =A"e M 0<t; <t, < <t,

iii.  For a system modelled by an HPP, the waiting time to the n failure has a gamma
distribution with parameter « = n, 8 = 1/A

iv.  Conditionalon N(t) =n,0<t; <t, <--<t,aredistributed as order statistics from
a uniform distribution in the interval (0, T).

v.  The probability of failure occurrence after time T is Pr[t > T] = Pr[N(T) = 0] =

e —-AT

2.1.3 Nonhomogeneous Poisson Process
An NHPP represents the number of failures that occur in atime interval t, < t; < t, <
-+ < t, Up to time t,, = t. It describes random processes with an average rate of occurrence

that varies over time. NHPPs are used in software reliability testing to determine a convenient



mean value function, indicating the expected number of failures up to a specified time t.

Therefore, a counting process is said to be an NHPP if it satisfies the following conditions:

The initial condition is N(0) = 0

The process has independent increment property such that N(tg,t;), N(t1,t2), ..
N(t,_1,t,) are independent random variables for any specified time points, t, < t; <
t, < - < t,, wherety, = 0.

The probability that n failures occur at a time interval of (0, t) is given by

Pr{N(t) = n} = [m;—?]ne‘m(”, where m(t) is the mean value function denoting the

expected number of failures and is given by m(t) = fotxl(t)dt, and A(t)is the

intensity function.

The failure rate of the process is given by the probability that exactly one failure occurs
within a small-time interval At denoted by:

Pr(t,t + At) = Pr{N(t + At)- N(t) = 1} = A(t) 4t + o(4¢t)

The probability that more than one failure occurs within a small interval of time, At is
negligible, that is, Pr {N(t + At) - N(t) = 2} = o(4¢t).

An NHPP has the following properties:

The joint pdf of the failure times ¢y, t,, ..., t,, from a NHPP with intensity function
A(t) is given by:

f(ty by t) = (Mg A(t)) exp (= J A()dt)

where T is the stopping time: T = t,, for the failure truncated case, and T = t for
the time truncated case.

If 0 <t; <t, <-- arethe epochs at which the failure times occur, then the inter-
occurrence intervals T, = t, — t,_4, k=1,2,... are independent random

variables with densities:
t
foolte) = Atdexp (= [,* At)dt)
Furthermore, {t;,t,, ...} IS @ Markov sequence with transition density given by
t
Pr(tylt,_1) = A(ty) exp (— ftk"_lxl(t)dt)
Conditional on N(t) = n, the epochs at which failures occur, 0 < t; <t, < -+ <

t, < T have the same distribution as n order statistics corresponding to a random

sample of n observations from the density:
@O =A®)/f, A(H)dt,0< t < T,
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which reduces to the uniform distribution over [0, T] when A(t) = A.

2.2 Nonhomogeneous Poisson Process Software Reliability Models

NHPP models have been extensively used in software reliability testing to capture fault-
related behaviours, including detection, isolation, and removal. The NHPP models are
commonly used to assess the reliability growth of repairable software systems and forecast
failure occurrences (Yu et al., 2007). According to the repair policy, when a failure occurs,
systems can be categorized as non-repairable and repairable systems (Zhao et al., 2017). In
particular, the NHPP can describe the failure-repair process under minimal repairs. The
minimal repair action means that the system is restored to functioning but is only as good as
other equipment equal to its age at failure (Zhao et al., 2017). Software developers aim to build
more reliable and quality software. Therefore, they have always needed an appropriate model
that would yield desirable results and have utilized the NHPP models due to their reliability
and convenience in monitoring the reliability growth of the developed software.

Different authors have developed various NHPP models for reliability assessment. The
NHPP models applicable in software reliability tests have accurately estimated and predicted
software reliability (Ismael Al Turk, 2019). Examples of NHPP SRGMs include the extended

Weibull process with mean value function m(t) = %tb and an intensity function A(t) = at?~!

(Yoo, 2018); the Cox and Lewis (1966) model with intensity function A(t) = e**At (Cid &
Achcar, 1999), the Goel-Okumoto (GO) (1979) model with intensity function A(t) = afe#*

(Goel & Okumoto, 1979); the Musa-Okumoto (1984) model with A(t) = (t%ﬁ) (Musa &

Okumoto, 1984), and the Delayed S-shaped model with A(t) = af?te 5t (Yamada et al.,
1983).

The models can be classified as perfect and imperfect debugging NHPP models. The
perfect debugging models assume that errors are removed with certainty without introducing
further errors into the software. They include the Yamada Delayed S-shaped model, the GO
model, the Generalized Goel NHPP model, the Gompertz growth curve model, the Inflection
S-shaped model, the Logistic growth curve model, the Modified Duane Model, and the Musa-
Okumoto model (Kaur & Panwar, 2015). On the other hand, imperfect debugging models
capture a scenario where the detected faults are not removed with certainty or new faults are
introduced during error correction. They include the Pham-Nordmann-Zhang (PNZ) model,
Pham-Zhang (P-Z) model, Yamada Rayleigh, Yamada Imperfect Exponential model, and

Yamada Exponential model (Kaur & Panwar, 2015).



The NHPP SRGMs have been developed based on two primary assumptions: the error-
detection rate per error is constant during testing, or it depends on the elapsed time of testing.
The first assumption implies the errors are independent and equally likely to be detected. The
second assumption further validates another assumption that software testing detects two
classes of errors: errors that are easy to detect and those that are difficult to detect in the testing
process (Kimura et al., 1992). The former class of errors can be detected early, while the latter
class can be detected later in the testing process, leading to a different curve of the cumulative
number of detected errors. Such models show that the growth curve of the cumulative number
of detected errors forms an exponential curve in the initial stage of the testing phase and is later
followed by an S-shaped curve and an exponential curve, respectively (Kimura et al., 1992).
An example of the model developed under the second assumption is the one presented by
Yamada et al. (1985), with a mean value function given by:
my(t) = L pia(l — e™f)

The model can be generalized for the case where the difficulty of error detection is of some
degrees such that it is incorporated by assuming k types of errors. The resulting NHPP model
has a mean value function given by Yamada et al. (1985).

m,(t) = X pia(l — e bit) , where ¥ p; =1, p; >0, and 0 < by < by_y < -+ < b, <
b,.

2.3 Bayesian Method

Bayesian estimation involves using the likelihood function and prior density function
to derive a posterior distribution by means of the Bayes Theorem (Chulani et al., 1999). Let
Xy,++, X, be independent observations, each distributed according to a density function
f(x/6), depending on a parameter 0 taking values in parameter space ©. Let w(6) denote the

prior density on ©. The posterior distribution function of 6 is given by:

n(6/x) = L5 24

where f(x/6) is the likelihood function, and m(x) = [ f(x/0)m(8)d6 is the marginal
distribution of the observations. The Bayes interval and point estimates of the parameters of
interest are then generated from the posterior distribution. The mean, median, and mode of the
posterior distribution have been used as possible Bayes estimates of the parameter of interest
6. The concept of the Bayesian credible interval is defined as follows. Suppose that ¥ is some

fixed number in the interval (0,1). A subset ©* of the parameter space O is called a
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100(1 — )% credible set for the unknown @ if and only if the posterior probability of the
subset @*is at least 1 — . When the parameter space 0 is a subset of the real line, then " is
an interval and is naturally referred to as a 100(1 — )% credible interval. The narrowest
credible set, which includes only those values of 6 with the highest posterior, can be chosen
from a long list of competing credible sets. Such a credible set is called the highest posterior

density (HPD). For some fixed a € (0,1), an HPD credible region ©*has the following form:
0" ={6 e0:n(6/x) > a}, (2.5)

where a = a(t/), g) is the largest constant such that the posterior probability of ©* is at least
1—1.

Suppose that the posterior density n(@/g) is unimodal and is symmetric about its finite mean
(which would coincide with its median), then 100(1 — y)% HPD credible interval ®*will be
the shortest and equal-tailed and symmetric about the posterior mean.

Another goal of Bayesian inference of interest is the prediction of future observations.
Making reliable predictions based on the observed data is one of the primary tasks in
probability and statistics. The Bayesian approach is one of the predictive technigues that have
been explored, especially in software reliability prediction. The approach uses the posterior
distribution, (6/y), to make inferences about the parameter 6. The distribution of unknown

but observable data, y, also known as the prior predictive distribution, is given by:

f) = | n(6/y)do
= [ n(0)n(y/0)do (2.6)

Bayesian predictive analyses utilize posterior distribution, (6 /x), of the model parameter of
interest 6 to determine the posterior predictive distribution:
f(tnin/x) = [ f Gensac/0I7(0/x)d0, 2.7)
which describes the beliefs about the future observation x,,; given the observed data x. As
Rahman et al. (2016) noted, predictive inference is based on observable data, with Bayesian
statistical analysis focusing on posterior distribution for the parameters as the main objective.
The posterior predictive distribution is used to make inferences about the future unknown
observation, that is, predicting a possible value of a future observation and constructing a
prediction interval in which the future observation would lie with some probability.

The increasing use of the Bayesian method in different fields of study is attributed to
its numerous advantages relating to flexibility and accuracy in estimation and prediction. The
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Bayesian approach is advantageous since it allows the combination of prior information with
more recent information obtained from field data or tests (Cheruiyot et al., 2019). Bayesian
statistical methods can be applied to any data to yield rich information about the parameters of
a model, regardless of the model that motivated the collection of such data (Kruschke, 2010).
This flexibility has been of significance in software reliability assessment, where insufficient
historical data is an issue. When testing the reliability of newly developed software, developers
may have insufficient historical data, making Bayesian analysis reasonable because it
incorporates experts’ opinions to enhance decision-making (Lee et al., 2014). Moreover, the
number of software failures observed during testing is limited, making software reliability
estimation involve the risk of large estimation errors (Hirata et al., 2009). As such, the
Maximum Likelihood approach may not yield accurate software reliability estimates since its
estimation errors can only be reduced by increasing the number of observations. In this regard,
Bayesian method has become more prevalent in software reliability testing.

The Bayesian method has been used to estimate and predict software reliability using
different software reliability models based on software failure data. Yu et al. (2007) and Tian
et al. (2011) considered the application of the Bayesian method in the NHPP with a power
intensity law, with the latter assuming a case of left truncated data. Left truncation may result
from the failure to observe in the early stage of the development phase of the testing process
or if the importance of a reliability growth model is recognized after manufacturers have
severally reported software failures (Tian et al., 2011). The research was based on the Power-
Law Process (PLP) or Weibull process and the application of the Bayesian method to parameter
estimation and prediction based on the model. They addressed issues in single-sample and two-
sample prediction using informative and non-informative priors. Yin and Trivedi (1999) also
used the Bayesian method to estimate credible intervals of NHPP-based software reliability
models. They considered the GO and Delayed S-shaped NHPP models, addressing two issues:
the lack of or use of simple approximations in computing confidence intervals and the lack of
confidence interval analysis in software reliability prediction. Nevertheless, they used a non-
informative prior given byi , and provided a numerical example using real data.

In other studies, Lee et al. (2014) used the Bayesian method in software reliability
assessment based on the Yamada Delayed S-shaped model. They performed Bayesian
predictive analysis using joint gamma-distributed informative prior for the parameters and
developed an optimal cost model, assuming the model parameters are mutually independent.
Akuno et al. (2014a) and Akuno et al. (2014b) research were based on the GO model, using
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the Bayesian approach to address issues in two-sample and single-sample prediction,
respectively. Moreover, Cheruiyot et al. (2018) and Cheruiyot et al. (2019) conducted a study
on the Musa-Okumoto model using the Bayesian approach, focusing on four single-sample
issues in software reliability, using non-informative and informative priors, respectively.
Achcar et al. (1998) performed Bayesian inference using different models, including General
Order Statistics (GOS), Generalized Gamma Order Statistics, and Log-Normal Order Statistics
software reliability models. Wahono (2015) conducted a systematic literature review of
software defect prediction to address several issues, including determining the methods often
used for software defect prediction. The research revealed that Naive Bayes is among the most

frequently used prediction methods in software reliability assessment.

2.3.1 Prior Distributions

The Bayesian method combines prior distributions of the parameters of a model with
the likelihood function to obtain a posteriori distribution. The prior distribution indicates the
existing state of knowledge or describes the current uncertainty of the parameters of a model
before observing the data (Glickman & Van Dyk, 2007). Researchers often incorporate the
available information about the unknown parameters in the analysis to estimate model
parameters. The main objective of a Bayesian statistical analysis is to obtain the posterior
distribution of the model parameters. In this regard, the posterior distribution is the weighted
average between the known information about the model parameters before observing the data
and the information conveyed in the observed data (Glickman & Van Dyk, 2007).

The choice of a priori distribution is a significant step in Bayesian statistical analysis.
Researchers can use available information from experts or their beliefs to formulate prior
distributions of the unknown model parameters. The choice of the priors is often guided by the
available information about the parameters of interest or intuition (Lee & Vanpaemel, 2018).
In this regard, prior distributions are categorized into informative and non-informative priors.
Informative priors express specific information about the parameter of interest. Researchers
can use their knowledge about the existing problem based on past data and incorporate experts’
opinions to formulate a prior distribution that properly reflects their beliefs about the unknown
model parameters (Glickman & Van Dyk, 2007). This approach to choosing prior distributions
is reasonable because it would be unscientific not to include prior knowledge about the model
parameters existing before observing data. If prior information about the parameters of the

model is available, informative priors are the most appropriate approach to introducing that
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information into the model (Golchi, 2018). Furthermore, informative priors can address
computational difficulties and improve inference if used appropriately and creatively.
Although informative priors have been commonly used, theory has outlined methods
for obtaining non-informative priors to address the limitation of being guided by intuitive
knowledge. Such methods include using flat, reference, and Jeffreys priors. Non-informative
priors express researchers’ beliefs about a particular parameter of interest before considering
available evidence. This approach to choosing prior distributions is also referred to as objective,
vague, and diffuse and is an attempt at objectivity because it involves acting as though no prior
information about the model parameters exists before observing the data (Glickman & Van
Dyk, 2007). For instance, Jeffreys explained a method based on the Fisher Information model

to derive non-informative priors. The Fisher information matrix is given by:

2
I7(8) = Ene) {35109/ (x10))} (28)
where X~ f(x|60), and f(x|0) is differentiable in 0 for every x.
or,
I7(8) = —Eg[l" (x|6)]
where [(x|0) is the log-likelihood function.
Moreover, for a model with density f(x|6), the reference prior is obtained using the

formula (Berger et al., 2009):

w®) = im 2o @9
£ (8) = exp{[ p(x®/0) log[m (6 /x)]dx"} (2.10)

where 6 is an unknown parameter, 6, is an interior point of the parameter space 0, X is the
complete data vector, t* (8 /x®)) is the posterior distribution corresponding to a fixed arbitrary

prior 7*(8), and x®) = {x,, ..., x,} represent k conditionally independent replications of x.

2.4 Wald Confidence Intervals

The MLE method has been widely used to compute point estimates and Wald
confidence intervals of the parameters of an SRGM. It relies on the normal approximation
assumption and is often computed with large samples. The method uses the maximum
likelihood principle (MLP) to compute the estimates of the parameters by maximizing the log-
likelihood function. The computation requires constructing the Hessian matrix, which is used

to estimate asymptotic variances of the parameter estimates. An inverted Hessian matrix yields
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diagonal elements that can be used to compute estimator variance (Dalitz, 2018). Wald
confidence intervals are computed using the following procedures:
If f(x/0) is a function and L(8) is the likelihood function, then:

L(6) = iz f (x:/0) (2.11)
and
1(6) = X, logf(x/) (2.12)

where [(0) is the log-likelihood function, 6 is the parameter of interest, and n is sample size.

If 1(0) is differentiable and 8 = (64, ..., 8;), the MLP yields k equations that can be used to

determine the k parameters of 6:
2-1(0) = 0fori=1,..,k (2.13)

Suppose 8, is the point estimate of the it" parameter, and sd(8,) is its standard deviation, a

100(1 — a)% Wald confidence interval is given below.

_~

0, + Zasd(6) (2.14)
2

Equation (2.13) yields point estimates, while equation (2.14) produces confidence intervals

wherein the true parameter 8 falls with some probability.

2.5 Coverage Probability

Coverage probability is used to assess the efficiency of parameter estimation methods.
It measures the probability that a true parameter value lies within the confidence interval
(Dalitz, 2018). The boundaries of the confidence intervals depend on the observed data and,
thus, are random variables (Dalitz, 2018). Thus, coverage probability also varies with
confidence intervals as data changes. If @ is the true parameter, (1 — «) is the predefined
coverage probability with which 4 falls in the computed confidence interval [6,, 6, ]. Equation

(2.15) defines the coverage probability:
Peoy(8) = P{0O€[0,0,]} =1—a (2.15)

2.6 The NHPP Delayed S-Shaped Model

The Delayed S-shaped software reliability growth model was developed by Yamada et
al. (1983). The model was developed by modifying the GO model to make it S-shaped (Pham
& Zhang, 2003). The NHPP Delayed S-shaped model is one in which the software reliability
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curves assume S-shaped (Hanagal & Bhalerao, 2018). It uses machine execution time as the
unit of fault detection or period of removal (Lai & Garg, 2012). The model is given by the

function:
f(tla,p) = (a[;Z te—ﬁt)e—a(l—(Hﬁtn)exp (=Btn) (2.16)

The Delayed S-shaped model has the following assumptions (Hanagal & Bhalerao, 2018):

i. Each time a failure occurs, the error that caused it is simultaneously removed, and no
other errors are introduced.

ii. The probability of failure detection at any time is proportional to the current number of
faults in a software.

iii. All the faults in a software are mutually independent from the failure detection point of
view.

iv. Errors in a software lead to system failures at random times.

v. The time between (j — 1)t" and j*"* failures depend on the time to the (j — 1)" failure.

vi. The initial error content of the software is a random variable.

If N(t),t = 0, is a counting process indicating the cumulative number of the detected
errors within a specified time interval up to a maximum testing duration t, the mean value
function denoted by m(t) and the intensity function denoted by A(t) are given below (Yamada
et al., 1984):

i. m(t) =a[l—(1+bt)e Pt b>0,where m(t) is assumed to be non-decreasing with
m(0) = 0 and m(e) = r, and r is the total number of errors initially existing within
the software.

ii. A(t) = ap?te Pt (2.17)

An adequate SRGM should comply with either S-shaped or exponential SRGM
conditions while at the same time yielding reliable predictions (Lee et al., 2014). The S-shaped
model derives its name from the shape of the curve resulting from the plot of the cumulative
number of the detected errors, and predictions based on this model have been found to be
accurate. The NHPP Delayed S-shaped captures the error detection and removal process and
assumes a delay between the first failure observation time and the reporting time (Yin &
Trivedi, 1999). Most software models assume a perfect case where errors are immediately
reported and perfectly removed when detected without introducing new faults (Kaur & Panwar,

2015). Although other software reliability models have been developed to capture the imperfect
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debugging case, where new faults are introduced into the software and the faults responsible
for a failure may not be perfectly removed, the Delayed S-shaped model is unique in that it
assumes a delay between the time an error is first observed and when it is reported.

Several researchers have used the Delayed S-shaped software reliability model in
software reliability testing. Song et al. (2017) used the S-shaped model to develop a new model
with an S-shaped growth curve, which can be used in random operating environments to obtain
the number of failures detected by time t. The researchers compared the outcome from their
new S-shaped model with the other nine NHPP models, such as the GO, Inflection S-shaped,
and Yamada imperfect debugging models. They found that their new model fitted the data more
significantly than any other NHPP model.

Yin and Trivedi (1999) noted that the Delayed S-shaped software reliability model
captures software error removal processes, consisting of two phases: error detection and error
isolation. Their research focused on estimating unknown parameters of the GO and Delayed S-

shaped models using both the MLE and Bayesian approaches. They used a non-informative
prior given by % which reduces to zero as a goes to infinity (a¢ — o). The prior was chosen

to be consistent with the choice for the GO model. The argument for the non-informative prior
was that due to the behaviour of the GO model’s log-likelihood function, a prior that reduces
to zero as a tends to infinity was appropriate.

In the study by Lee et al. (2014), the two unknown parameters of the Delayed S-shaped
model, o and S, were assumed to be independently gamma-distributed random variables,
yielding a joint informative prior, which was also gamma-distributed. The researchers used the
Bayesian approach to predict software reliability and expected testing costs, determining an
optimal release time for software systems. The cost estimation method accounted for five costs
in software release: set-up cost, routine cost, cost of removing all errors during testing, loss due
to a software failure, and opportunity cost. They also performed sensitivity and risk analyses
to investigate the impact of misjudgement on prior moments of E(a), o(a), and E(b) on the
expected testing cost and reliability. The study revealed that increasing E(b) would improve
reliability and reduce expected cost. However, it would attract more costs related to training
testing staff or hiring more experienced workers, and thus, it should be thoroughly considered
before implementation.

Hanagal and Bhalerao (2018) analysed the Delayed S-shaped SRGM with a time-
dependent fault content rate. They proposed three models with different fault content rate

functions based on the Delayed S-shaped model: linear, quadratic, and exponential fault
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content rate functions. The proposed models incorporated error generation over time, capturing
a phenomenon in which new errors are introduced into the system while correcting the original
faults. The MLE method was used to estimate the unknown parameters of the models using
three different data sets. The study compared the new models with the existing Delayed S-
shaped model based on Akaike’s information criteria, mean sum of squares, error sum of
squares, and predictive ratio risk. The study revealed that the new models performed better
than the existing Delayed S-shaped model.

In other studies, Gupta et al. (2011) used Yamada Delayed S-shaped SRGM in software
reliability estimation, incorporating debugging time lag, fault dependency, and imperfect
debugging. They found that software reliability improves under imperfect debugging.
Anniprincy and Sridhar (2014) proposed a two-dimensional S-shaped model with imperfect
debugging. They used logistic function to incorporate the impact of imperfect debugging and
error. The study assessed model accuracy using accuracy of estimate (AE) and mean squared
error (MSE), comparing the new model with Yamada Rayleigh and Huang Logistic models.
The AE was very high, and MSE was lower for the new model than the previous models

considered for comparison, indicating its effectiveness.

2.7 Gibbs Sampling

Gibbs sampling is a Markov Chain Monte Carlo (MCMC) algorithm used when direct
sampling is difficult. Although the Bayesian method is efficient in estimation, the posterior
distribution may often be intractable, making it impossible to perform exact sampling (Dodwell
et al., 2015). Moreover, the high dimensionality of the posterior distribution may require
focusing on the marginal posterior distribution of each parameter obtained by integrating out
over the other parameters in the model (van de Schoot et al., 2021). One way to circumvent
this problem is to use the Gibbs sampling technique, which requires obtaining full conditional
distributions for each parameter (Martino et al., 2018). The technique works in such a manner
that it generates posterior samples for each variable (parameter) by sampling from its full
conditional distribution (Bai, 2005; Martino et al., 2018). The technique is used provided the
posterior distribution is of a known form. Kuo et al. (1997) used the Metropolis algorithm with
the Gibbs sampling technique on the GO model to perform predictive analysis. Lee et al. (2014)
and Bai et al. (2005) also used the Gibbs sampling technique to sample from the full conditional

distributions and make Bayesian inferences.
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2.8 Metropolis-Hastings Technique

The Metropolis-Hastings (MH) is an MCMC algorithm used to sample from
distributions that may be difficult to sample from directly (Azzolini et al., 2019). The algorithm
is used when the full conditionals obtained do not warrant the use of the Gibbs sampling
technique because they do not converge to a known distribution. If at least one of the full
conditional distributions is of unknown form (difficult to sample from directly), samples can
be generated using a MH-type MCMC method. The MH MCMC approach consists of two
steps (Dodwell et al., 2015): (i) generate a new sample given the previous sample using some
proposal distribution; (ii) compare the likelihood of the new sample to that of the previous
sample to accept (use it for inference) or reject (use the previous sample again) the proposed
sample. The MH algorithm can be used within the Gibbs sampling technique to sample from
the posterior distributions if some full conditional distributions of the model parameters are of

known form.
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CHAPTER THREE
MATERIALS AND METHODS

3.1 Research Design
The study focused on developing procedures to obtain Bayesian credible and Wald
confidence intervals for the parameters of the Delayed S-shaped model and addressed four
issues in one-sample prediction associated with software development testing. A simulation
study was performed to construct Bayesian credible and Wald confidence intervals and launch
comparisons based on interval lengths and coverage probabilities. The study addressed the
following four issues in single-sample software reliability testing:
I.  Suppose that the predetermined target value, A,,, for the software failure rate is not
achieved at time T, what is the probability that the target value will be achieved at time
T, 7T>T?
ii.  Suppose that the target value, 4., for the software failure rate is not achieved at time
T, how long will it take so that the software failure rate will be attained at A;,,?
iii.  What is the probability that at most k software failures will occur in the failure time
period (T, t], T > T?
iv.  What is the Bayesian upper prediction limit (UPL) of A(7) = af?7e~P* with level A, t

being a predetermined value greater than T?

The study used Bayesian approaches based on informative and non-informative priors
to develop posterior and predictive distributions for estimating model parameters and deriving
explicit solutions to the above four prediction issues. A gamma-distributed informative prior
was adopted, assuming that a« and 8 are independent and distributed as Gamma(a, b) and
Gammal(c, d), respectively. Non-informative priors, including 1/a and 1/af were also used

in the analyses.

3.2 Source of Data

Secondary software failure data was used to illustrate the methodologies developed in
this study for single-sample prediction. The data was obtained by Ehrlich et al. (1993) and also
used by Hung-Cuong and Quyet-Thang (2015), with the latter stating that the data has been
widely used in the analysis and assessment of software reliability models. The software failure
data was in the form of software failure times and inter-failure times, extracted during project

T, developed by the American Telephone and Telegraph (AT&T) company (Ehrlich et al.,
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1993). Other data sets were simulated using the Delayed S-shaped model’s intensity function

for Bayesian and Wald interval estimation.

3.3 Data Simulation

The data for the analysis was simulated using the thinning algorithm, a simple and
appropriate technique for the simulation of an NHPP assuming any form. The simulation was
performed by fixing the scale parameter at « = 20 and the shape parameter 5 = 0.05. The
thinning algorithm for simulating inter-failure times for an NHPP, for this case, the Delayed S-

shaped software reliability model, is given by Lewis and Shedler (1979).
Step 1: Sett=0,1=0

Step 2: Generate a random number U

Step3:t=t— %log U.Ift>T, stop.

Step 4: Generate a random number U

Step 5: 1FU; <22, setl=1+1,5(1) =t

Step 6: Go to step 2.

where A(t) is the model’s intensity function given by equation (17), 1 = A4, A(t) < 4, the
final value of | represents the number of events in time T, and S(1),...,S(I) are the event
times. It was assumed that the simulation process emulates the end-user environment and can
generate inter-failure times data for reliability testing. An R code was developed to simulate
inter-failure times data when T = 100h, o= 0.4, ap = 20, and Po = 0.05, where Ao is the error
content rate at time t = 0. A simulation study was performed to compute Bayesian and
Maximum Likelihood estimates and construct interval estimates. A program was written such
that 5000 samples of different sizes were simulated and used for Bayesian and Wald interval

estimation to allow for comparison.

3.4 Wald Confidence Intervals

The Maximum Likelihood estimates of « and £ were obtained by maximizing the log-
likelihood function. Suppose that t4, t,, ..., t,, denote the n observed failure times in the interval
(0, t]. Then, the likelihood function for the Delayed S-shaped software reliability model with

intensity function in equation (2.17) is given by:
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L(a B[t) = e ™O T, A(t)
— e—oc(l—(1+BT)exp (-BT) l—Hl=1(aBZtie—Bti)

— anBZn(l—lel ti)e—BZtie—a(l—(1+BT) exp(—BT)) a, B >0 (3.1)
The log-likelihood function is given by:

(o, B|t) = nloga + 2nlogB +log(IT,t) — BXt; — a(l — (1 + BT) exp(—BT)) (3.2)

The procedure used to construct Wald confidence intervals is described as follows: The log-
likelihood function l(a, B/ g) was differentiated partially with respect to @ and S, and the

resulting derivative was equated to zero. The following two equations were obtained:

‘”(Oé;flg =-—{1- (1 +pMe T}

——{1-@+pmeFy=0 (3.3)
and;

dl((:lrﬁﬁlg) — 2}” _ (Z?:l ti) _ C(,BTZB_BT

2= (ki t) —apT?e T =0 (34)

Equations (3.3) and (3.4) were then simultaneously solved numerically to obtain the Maximum
Likelihood estimates @ and f of the parameters @ and 8. The asymptotic variances of the
estimates of a and [f were obtained from the inverse of the observed Fisher Information matrix,
I (c?, 4 ), which is the matrix containing negative second-order derivatives of the log-likelihood

function in equation (3.2).

a2logL(at, B[t)  82logL(at, B|t)

5 BY da? dadp ~

(@ 5) = Bk | suoguia, Bt svtos(a, Ble)| @H=@P) (3-)

dadp a2

where;

a2logL(o, Blt) =

T oaz 2 (3.6)

%logL(a, BIt) _ 2n 2 _—BT

e a(l+ BT)T?%e (3.7)
2

a2logf(aL, Blg) — —,BTZQ_BT (38)

dadp

Suppose that the inverse of the observed Fisher information 1(&, 8) in equation (3.5) is given
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as:

(@ p) = 6“(&'@ 612(&’@ 3.9
@R =5, (@8) 6(ap) G2

Therefore, the 100(1 — a)% Wald confidence interval for & was constructed as follows:
et
a+ Za6y,(a B))? (3.10)
2
Similarly, the 100(1 — a)% Wald confidence interval for § was constructed as follows:
~ et
Bt Za[622(a,B)] (3.11)

3.5 Bayesian Credible Intervals

A credible interval is a range of values within which an unobserved parameter of
interest lies with a specified probability. The Bayesian credible interval of a parameter is
computed by first defining its prior function, obtaining posterior distribution, and sampling the
parameter from the posterior. The Bayes rule outlines that the accurate posterior estimate
(posterior distribution) is obtained by combining prior knowledge with the likelihood function
(Petzschner et al., 2015). The prior knowledge about the model parameters forms the prior
distribution and is combined with the joint probability of the observed data given model
parameters, as presented in equation (3.12). For a model with a single parameter, the data is
sampled directly from the posterior distribution or using MCMC techniques. The credible
interval is then constructed using gquantiles. For a multiparameter model, each parameter is
sampled conditioned on the values of others. If the posterior distribution is difficult to sample
from directly, MCMC techniques such as Gibbs sampling and Metropolis-Hastings are used.
Once the parameter data is generated, histograms are constructed, and credible intervals are
obtained as quantiles. For instance, a 95% Bayesian credible interval would be obtained as the
2.5 and 97.5 percentiles of the posterior distribution, while a 90% credible interval would be
the 5™ and 95" percentiles. The credible intervals are only optimal when the posterior is
approximately symmetric, implying the value of y is split equally to both tails of the marginal

posterior distribution of each parameter.
m(0/x) < w(0) * L(8/x) (3.12)

where n(Q/g) is the posterior distribution, n(Q) is the prior function (additional knowledge,

experience), and L(6/x) is the likelihood function.
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3.5.1 Gamma-Distributed Informative Prior

The study adopted the joint gamma-distributed prior for o and g, with the parameters
independently distributed as Gamma(a, b) and Gamma(c, d), respectively. The joint prior is
given by:
n(a, B) o« a@~1pc1e=(ba+dB) o > 0 B > 0 (3.13)
where q, b, ¢, and d are hyper-parameters.
Given the vector of observed software failure times t, the corresponding joint posterior

distribution for a and £ was obtained using equation (3.12) as follows:

(e, BIt) o« m(a, f)L(a,B|t)

o aa—lﬁc—le—(bo&dﬁ) anBZn(l—[?zl ti)e—BZtie—a(l—(lJrBT)eXP (-BT)
« an+a—1ﬁzn+c—1e—a[b+1—(1+ﬁr)e—ﬁT]—ﬁ[d+z?zlti] (3.14)

Full conditional distributions were derived from the joint posterior distribution using the

following formulas:

h(alf, ) = o (3.15)
h(Bla, ) = bl (3.16)

The full conditional for alpha was obtained using equation (3.15) as:
h(a|B, t) o+a—1p—a(b+1-(1+pT)e~FT) (3.17)

where equation (3.17) is a kernel of gamma distribution with shape parameter (n + a) and
scale parameter (b + 1 — (1 4+ fT)e #T).

Similarly, using equation (3.16), the full conditional for 5 was obtained as:
R(Bla,t) o f2mte=teat+BnIe T o—pla+Ei,ul (3.18)

which is of unknown distribution.

3.5.2 Prior Function 1/af
Equations (3.1) and (3.12) were used with the prior function 1/af to obtain posterior

distribution as follows:

1 _ o _ _
n(a, Blt) x B2 ([T, t;)e BL tig=x(1—(1+BT) exp(~pT))
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o qn~1g2n-1g-a[1-(+pDe FTI-F 3L, ¢ (3.19)
The full conditional distributions were obtained using equations (3.15) and (3.16) as follows:
h(alB,t) x an~le=a(i-(+pmerT) (3.20)
which is a kernel of gamma distribution with shape parameter, n, and scale parameter (1 —
(1+ BT)e A7),
h(Bla,t) x ﬁzn—lea(1+ﬁr)e—BTe—ﬁ Yt (3.21)

which is of unknown distribution.

3.5.3 Prior Function 1/a
For this prior, the posterior density function was obtained using equations (3.1) and

(3.12) as follows:

(e, B|t) o i- anﬁzn(n?=1 tl-)e_ﬁz ti p—a(1—(1+BT) exp(-BT))
x an_lﬁzne‘“[1‘(1+ﬁ7)9_ﬁT]—B2{;1ti (322

The following full conditional distributions were obtained from the posterior density function

using equations (3.15) and (3.16).

h(a|B, t) a,n—le—a(l—(1+ﬁT)e—ﬁT) (3.23)
which is a kernel of gamma distribution with shape parameter, n, and scale parameter
(1—(1+pT)e FT).

h(Bla,t) o« B2ne®(1+BTe T o=B XL, t; (3.24)

which is of unknown distribution.

3.6 Gibbs Sampler

The Gibbs sampling technique is used when it is difficult to sample directly from the
posterior distribution and the full conditional distributions are of known form. The following
is the Gibbs sampling procedure (Johannes & Polson, 2010):

Step 1: Set initial values (ay, Bo)

Step 2: Sample a; ~ m(a|B,, t) to have the current state as (ay, Bo)

Sample B, ~ m(B|ay, t) to have the current state as (ay, ;)
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Step 3: Sample a, ~ m(a|py, t) to have the current state as (a,, B;)
Sample B, ~ (B |a,, t) to have the current state as (a,, S,)

Step 4: Repeat steps 2 and 3 n times, that is, until the desired sample size is obtained.

3.7 Metropolis-Hastings Sampling Technique

The technique is used when it is difficult to sample directly from the posterior, and the
full conditional distributions are of unknown form. The MH algorithm is described as follows
(Johannes & Polson, 2010; Robert et al., 2004):

Let 8 be the parameter of interest, a or .
Step 1: Let the proposal distribution be q(. |t)
Step 2: Set the initial state 6,
Step3: Forn = 1,...,N;

Generate 8~ q(./6,_1)

Step 4. Compute the probability (ratio):

_ . [ a®n-_1/0)m(6/t) }
A(®l6y-1) = min {qm/en_l)n(en_l/z)‘ ! (3:25)

Step 5: Draw u~ u(0,1)
Ifu<A(6,.4),6,=86
Else, 6,, = 6,,_,

If the two distributions from the proposal distribution are symmetric, the ratio becomes:

A(010,,,) = min {724 1} (3.26)

3.8 Metropolis-Hastings within Gibbs

It was difficult to sample directly from the derived joint posterior distributions given
by equations (3.14), (3.19), and (3.22). A possible way of simulating these posterior densities
was by using their corresponding full conditional distributions for each parameter a and 3

via Gibbs sampling technique. However, the full conditional distributions n(ﬁ /a, g) for
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were improper for the three Bayesian approaches, implying it was difficult to sample from
them directly. As such, the MH within Gibbs MCMC approach was used. The following

algorithm was used.

Step 1: Start with k = 1 and set the initial values of {8V = (a®, (1)}

Step 2: Sample a; from a; ~ p(a| Br-1, g) (which is gamma-distributed) to have the current
state as (a1, Bo)-

Step 3: Using the proposal distribution of f, where the proposal was chosen as
B~N (,8("_1), 052), sample a candidate value for SP"°P using a, obtained in step two.

Step 4: Generate u~UNIF(0,1)

Step 5: Compute the Metropolis-Hastings acceptance ratio at the candidate value, 8P7°P, and
the previous value, 8~V using block updating.

mg(6PTOPI £)* 4p (01 6P7°)

RQ = TL’Q(Q(k_l)l E)* qg(gprom Q(k—l))

(3.27)

Step 6: If u < min (1, Ry), accept the candidate point, B, with probability min (1, Rg): set
90 = grrop_ QOtherwise set 8 = 9= to have the current state (ay, ;).

Step 7: Repeat steps 2 to 6 until the desired sample size, £, is obtained.

Based on the simulation of the joint posterior distribution of a and £, histograms were

constructed, and 100(1 — a)% credible intervals for the two parameters were computed as
follows: Let y € (0,1). If §; and B}, are respectively the % and (1 — g) posterior quantiles for
B, then (B[, By) is a 100(1 —y)% credible interval for S. Similarly, if @; and «af; are
respectively the g and (1 - g) posterior quantiles for a, then (aj, af) is a 100(1 —vy)%
credible interval for .

3.9 Comparison

Interval lengths and coverage probabilities were used for comparison. Samples of inter-
failure times data of different sizes were simulated from the intensity function of the NHPP
Delayed S-shaped model. Each sample was used to compute the Wald confidence and Bayesian
credible intervals for the model parameters, a and f. For each interval estimate, coverage
probability was obtained as the ratio of the number of intervals that contained the true
parameter value to the total number of samples considered. Interval lengths were computed for
each interval estimate as the difference between the upper and lower bounds. The procedure
that yielded a shorter interval length and a higher coverage probability was considered more

precise.
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3.10 Predictive Analysis

Bayesian predictive analysis on the model was performed with each of the three prior
functions. The posterior distributions obtained were used to derive the posterior predictive
distribution using the formula in equation (3.28). The methodologies for addressing the four

prediction issues were also derived.

f(tn+k/£) = ff(tn+k/9)n(9/£)d9 (3.28)

where (6 /t) is the posterior density function, f(t,.x/t) is the predictive density function of

(n + k)" future failure time and @ is the parameter of interest, in this case, @ and £.

3.11 Data Analysis

The methods derived were illustrated using secondary data and simulated software
failure data. The posterior distributions and predictive inferences for the simulation study and
single sample cases, using informative and non-informative priors, lacked closed-form
solutions. As such, the MH within Gibbs sampling technique was used to sample from the

posterior. The analyses were performed using R-Language version 4.3.0.
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CHAPTER FOUR
RESULTS AND DISCUSSION
This section discusses the results of this study in two parts. The first part presents the
results of the simulation study on the construction of Bayesian credible intervals and compares
them with Wald confidence intervals. The second part presents the derivations of
methodologies addressing the four prediction issues, which are outlined as propositions in this
section. Proofs of these propositions are also provided, and an illustration using secondary

software failure data was also performed.

4.1 Bayesian and Wald Interval Estimation

The study investigated the performance of the Wald and Bayesian interval estimation
methods based on data simulated from the Delayed S-shaped NHPP model's intensity function.
It was assumed that the simulation process emulates the end-user environment and generates
inter-failure times data for reliability testing. An R code was developed to simulate inter-failure
times data when T = 100h, A0 = 0.4, a0 = 20, and o = 0.05, where Ao is the error content rate at

timet=0.

4.1.1 Wald Confidence Intervals and Bayesian Credible Intervals

The Wald confidence intervals and Bayesian credible intervals were constructed using
the developed methodologies, where results generated using two samples of sizes 15 and 33
were reported in Table 4.1 for illustrations. The sample sizes were chosen such that 15
represents a small sample while 33 represent a large sample. These were chosen arbitrarily to
show that the Bayesian credible intervals were successfully constructed using informative and
non-informative priors. The credible intervals indicate a range of values that contain the true
parameter value with a 95% probability. For instance, the 95% credible interval for @ obtained
using the Bayesian method with gamma-distributed informative prior indicates that there is a
95% probability that the true value of a will lie within 11.5417 and 26.6372.
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Table 4.1: Wald confidence and Bayesian credible intervals obtained using different sample

sizes.
Sample size Method Parameter Confidence/ Credible Interval length
Interval
15 Wald a (7.6789,25.8552) 18.1763
B (0.0174,0.0591) 0.0417
Bayesian (Informative) a (11.5417,26.6372) 15.0956
B (0.0222,0.0587) 0.0364
Bayesian (1/af3) a (8.9138,25.3769) 16.4651
B (0.0325,0.0663) 0.0337
Bayesian (1/a) a (8.8226,25.2418) 16.4142
B (0.0328,0.0660) 0.0332
33 Wald a (22.7212,46.9662) 24.2450
p (0.0319,0.0616) 0.0296
Bayesian (Informative) a (21.5746,39.5105) 17.9359
B (0.0347,0.0616) 0.0270
Bayesian (1/af3) a (23.4467,46.9717) 23.5251
B (0.0412,0.0663) 0.0251
Bayesian (1/a) a (23.5633,46.9573) 23.394
B (0.0409, 0.0669) 0.0260

4.1.2 Comparison

The simulated inter-failure times data were used to sample « and  random variables
from the posterior distributions using the Metropolis Hasting within Gibbs MCMC procedure.
A normal distribution was proposed for f, and the unknown parameter theta was fixed at 6 =
0.05. Once the data for « and 5 were obtained, they were assessed to determine general patterns.
The trace plots of the parameters were constructed to examine stability. As shown in Figure
4.1, the blue trace plots were generated using the gamma-distributed informative prior, the red
trace plots were constructed using the data from the Bayesian method with 1/a/ prior, and the

green trace plots are for 1/a prior. The plots show the stability of the sampled parameter values
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since they contain the true (fixed) values indicated by the horizontal lines and have

approximately uniform upward and downward spikes.
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Figure 4.1: Trace plots for o and f generated using gamma distributed informative prior(blue),

1/af non-informative prior (red), and 1/a prior (green).

The marginal posterior distributions of the two parameters were assessed. Figures 4.2,
4.3, and 4.4 show histograms for a and S constructed using the three Bayesian methods
(gamma-distributed informative prior and non-informative priors; 1/af and 1/a). Since the
histograms are approximately normally distributed, the value of y is equally split to both tails

of the marginal posterior distribution of each parameter.
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Figure 4.2: Histogram of o and B generated using gamma distributed informative prior.
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Figure 4.3: Histogram of a and B generated using //af non-informative prior.
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Figure 4.4: Histogram of a and B generated using //a non-informative prior.

A total of 5000 samples of inter-failure times data were simulated and used to generate
5000 samples, each for a and f from the three posterior distributions. The inter-failure times
samples had an average size of 23. An R code was developed such that the same 5000 samples
of inter-failure times data were used for the four methods (Wald and three Bayesian
approaches) for accurate comparisons. The datasets were used to compute Maximum
Likelihood estimates of the model's parameters, construct their corresponding confidence
intervals, and generate coverage probabilities through repeated sampling. Moreover, Bayesian
credible intervals and coverage probabilities were obtained for each sample of o and f random
variables generated from the posterior distributions. In this regard, each method had a total of
5000 interval estimates for each parameter. Interval lengths were obtained as the difference
between the upper and lower bounds of the interval estimates.

Coverage probabilities for each method were estimated as the proportion of the 5000
confidence and credible intervals that contained the true parameter value. The coverage
probabilities were recorded as obtained, while summary statistics (minimum, maximum, mean,
and standard deviation) of widths of the 5000 confidence and credible intervals for each method
were obtained and presented in Table 4.2. The results indicate that two Bayesian methods (with
informative and 1/af priors) have shorter average interval lengths than the Wald approach. Of
the methods, Bayesian with informative prior was superior, yielding higher coverage
probabilities and shorter average widths. The estimated coverage probabilities of Wald
confidence and Bayesian credible intervals for a and f were reasonably close to the theoretical

value of 0.95.
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Table 4.2: Estimated summary statistics and coverage probabilities of widths of the 95%
Bayesian credible and Wald confidence intervals for the parameters @ and 8 on the basis of

5000 samples.

Method Min Max Mean Std dev (O
Wald a 11.40 61.40 18.83 3.7986 0.943

0.02811 0.09064  0.04123  0.00685  0.95
Bayesian a 11.48 19.12 15.06 1.2149 0.988
(Informative)

0.02297  0.07146  0.03665  0.00610  0.960
Bayesian 1/ «a 11.18 25.07 17.79 2.1118 0.95
ap)
0.02098  0.08831 0.03627  0.00771 0.934
11.60 855.77 22.50 31.12 0.955
0.02805  0.09369  0.04190  0.00711 0.934

Bayesian (1/a)

Q

Moreover, trace plots were constructed for the interval lengths of a and f, as shown in
Figures 4.5 and 4.6. All the plots were constructed using the same limits on the y-axis for easier
comparison. It can be noticed that the interval lengths for the Bayesian credible intervals
obtained using the joint gamma-distributed informative prior were shorter than both the Wald
and non-informative priors. For the parameter a, the interval lengths generated using the
gamma-distributed informative and 1/af priors had shorter and uniform downward and upward
spikes, as displayed in Figure 4.5, the second and third graphs. The graphs show that the two
interval estimation methods have increased precision (see red and green graphs). The first graph
in Figure 4.5, generated using the Wald approach, shows long upward spikes but almost
uniform downward spikes. However, the fourth graph has long upward spikes, suggesting that
1/a prior would yield unreasonably wider credible intervals than Wald and the other two
Bayesian methods.

In Figure 4.6, the spikes for the interval lengths for the Wald confidence and Bayesian
credible intervals show a similar pattern. The downward spikes for the four trace plots are
shorter and tend to be uniform. However, the long upward spikes are fewer in the second graph
generated using the Bayesian method with gamma-distributed informative prior. Smaller and
slightly different standard deviations for £ reported in Table 4.2, column 6, indicate the reason

for similar behaviour in the graphs.
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Figure 4.5: Trace plots for interval lengths of o generated through the Wald approach (blue),

Bayesian with informative prior (red), //af prior (green), and //a prior (orange).

008
I
008
I
008
I
008
I

Interval length for beta
Interval length for beta
Irterval langth for beta
Irterval langth for beta

0.04
\
0.04
\
0.04
\
0.04
\

T T T T T T T T T T T T T T T T T T T T
o sSo0 1500 o soo0 1500 o soo0 1500 o s00 1500

Samples Samples Samples Samples

Figure 4.6: Trace plots for interval lengths of $ generated through the Wald approach (blue),

Bayesian with informative prior (red), //af prior (green), and //a prior (orange).

4.2 Predictive Analysis Results
4.2.1 Some Results Used in the Derivation of Methodologies

When testing stops after a predetermined number of failures, n, the failure data is said

to be failure-truncated, and the n failure times are denoted by YO];S = [t;]{=,. However, if

testing stops at a predetermined time, t, the failure data is said to be time-truncated, and the

corresponding observed failure data is denoted by Y/, = [n,t,, ..., t,; t]. Let Y, represent

Yt or Y/,

obs*

The joint density of Y, is obtained as:
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f(Yops | @,B) = a B2 ([T, t)eF Nz tigmeli-rAme ] (4.)
According to Bayes’ rule, the posterior density is obtained using the formula:

m6.t)
f®

n(8]t) =

_ [t0)n(6)

f@® (4.2)

The posterior predictive distribution of t* is given as;
f(er[t) = [ f(t*,0]t)d6
= [ f(t*|6,) m(6]t)do
= [ f(c*10)m(0]t)dd (4.3)

4.2.2 Case 1: Non-Informative Prior Given by 1/«
When the shape parameter, S, is known, the following non-informative prior

distribution for o was used:
m(a) « é, a>0
The posterior distribution of a can be obtained from equation (4.2) as:

f(Yopsla, B)n(a.p)
f:o f(;)o f(Yopsla, B )n(a,p)dadp

m(alYops) =

By substituting equation (4.1) and equation (4.2), the following equation was obtained.

an=1p2n ([T ¢,)eBEie tigma[1-(+ AT FT]

7T(Oflyobs) = (44)

Jo a1 g2 (T, ti)e_ﬁz?ﬂtie_“[l_(lwﬂ"’_m]da
The denominator simplifies to:

%) _ _ n . _ -BT
fo am 1'8211(1-[?:1 t))e BELitig—al1-(1+8T)e~FT] 4,

- ﬁzn(n?q ti)e_ﬁz?ﬂti fooo an—le—a[l—(1+ﬁr)e—ﬁT]da

gyt r'(n) o [1-(+pT)e FT" 1 e _BT
= Al e R [1-(1+pT)e=AT]" Jo r(n) antemelimiDe T dq (4.5)
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The integrand in equation (4.5) is a gamma distribution with parameters n and 1 —

(14 BT)e BT, hence, it integrates to one (1). Thus, the denominator simplifies to:

_ rm(I1%, ti)BZ"e‘BZ?q t;
B [1-(1+BT)e—BT]"

Equation (4.4) becomes:

a1 (T, t)e PR tig=af1-G+pmeT]

n(alY, = n "
(@|Yops) LT, ¢)B?me P Eit b [1— (14 T)eFT]

which reduces to:
(| Yyps) = [[()] e te=elt=0+8De™ 1 — (1 4 pT)e=FT]" (4.6)

Let t* be the random variable being predicted. The posterior predictive distribution

of t* was obtained using equation (4.3) as:
& Yons) = J” f (£ Yops @)@l Yons) da (4.7)

The Bayesian UPL for t* with level y satisfies:

ygrﬁ) + +
Yy = f_oo p(t |Yobs)dt (48)

4.2.3 Case 2: Non-Informative Prior Given by 1/af8
When the shape parameter f is unknown, the following non-informative density of «

and g was considered, assuming they are mutually independent.
1

The corresponding posterior joint density was obtained using equation (4.2) as follows:

f( Yobs|a: ﬁ )”(“'ﬁ)
f;o f:of(yobsm' ﬁ )n(a,ﬁ)dadﬁ

nt(a, B|Yops) =

Equations (4.1) and (4.3) were used to obtain:

an—1ﬁ2n—1(l—[ln_1 ti)e—ﬁ’z?zl tie—a[l—(1+/}T)e—ﬁ’T]

(4.10)

(a, BlY, = -
( ,Bl obs) ffffan-lﬁzn‘l(ﬂ?ﬂ ti)e—ﬁz?zltl-e—a[l—(1+/3T)e BT]dadﬁ

Simplifying the denominator:
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0 (00 _ _ -2 o — -BT
fo fo a® 132n 1(1-[?:1 t)e BElitip a[1-(1+BT)e ]dadﬁ

= (T, ) fooo p2n-1 e~ BXiziti [fooo an—1e—a[1—(1+ﬁT)e—ﬁT]da] dp

no4N (®p2n-1,-B3%, t; r'(n) )[ o (1-(+pn)e PN 4 —a[1-(1+BT)eFT|
(i1 ) fo A ¢ ' ((1—(1+ﬁT)e‘BT)n fo r'(n) a e da|df

+B0eTT) n-1p-af1-(1+pTeFT] g — 1
r(n)

The last part of the denominator, fooo (-a

Therefore, the denominator reduces to:

rn)
(1-(1+BT)e~AT)

= ([T, &) fooo 2Bl e Blinatigp

n
p2n-1e=Biz1ti

(1-(1+pT)e=BT)" B

= ([T eI () [

Equation (4.4) reduces to:

a1 p2n=1([n, ti)e—ﬁzln:l tie—a[l—(1+BT)e_3T]

(e, B|Yops) = (4.11)

(M, crmy £t i,
[ n - - @
=1 ° (1—(1+[s’T)e—BT)n

n
ﬁzn—le—ﬁ2i=1 t;

The integral part [

0 (1 pDe P dp in the denominator of equation (4.5) has no

closed form, and thus, the MCMC numerical technique was used to obtain its value. This
an—le—52?=1ti

1-(1+pT)e=BT)"

integral part was denoted by a constant k as k = f0°° ( dp, reducing equation

(4.5) to:
(&, B1Yops) = [KT ()] a1 g2 B iks tigma[1-(1+AT)eF] (4.12)
Similar to equation (4.7) and equation (4.8), the posterior predictive distribution becomes:

FE Yops) = 7 F @ Yons @ B) (@, BlYops)dadp (4.13)

and the Bayesian UPL is:

y = 2 (et |Vops)dt ™ (4.14)
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4.3 Main Results for Single-Sample Prediction Using Non-Informative Priors
4.3.1 Proposition |
The probability that the target value 4., will be achieved at time = (t > T) is:

_ -BT h _

( LR ) s T, L
1 - ZZL:O h e prre Pz lfﬁ LS knOWTl
Yy = " h
1-(1+81)e”FT _ —pT
1on-1 ( ﬁ’z‘re_BT _Atv) —%Atv [gzn—le—ﬁf.?:l t; d ] ] .
1_E h=0Jg i e W B if Bisunknown
Proof:

The probability is given by: Let m(Y,,s|4,) denote the posterior density of A(t) =
aB?te~Pt. Thus, the probability that A,,, will be achieved at time t (z > T) is given by:

y =Pr (Ar < A |Yobs)
Aty
= fo ‘ p(yobsllr)d/lr (415)

AWD obtained from the intensity function, and &£ =

When g is known, a = Fore Bt " dAT

. The posterior distribution of A, is m(A,|Y,ps) = m(a|Y,ps)

1 da .
T d_/11-|' Thus, the posterior

density becomes:
A(t)

1 A\ (G2 [1-+BT)eFT] _grt 1
(e Yobs) = 7o (ﬁﬁ) e (e [1-Q+pDe ]

which reduces to:

[1—(1+BT)e‘3T]n
BZ‘L'E_BT

r(n)

1—(1+BT)e‘3T]

At e_lf[ p2re=PT

(A Yops) = (4.16)

From equation (4.16), A, follows a gamma distribution with parameters n and

1-(1+BT)e AT
B2te—hT

by:

. However, there is a relationship between gamma and Poisson distribution defined

B2 [Aya-tomBrgy = 1 - Y5z 1BM" g2 (4.17)

F(a) 0 i

From equation (4.15), (y = fo’l“’p(Yobs I )lT)dAT), and equation (4.17), it follows that:
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1-(1+pT)e= BT " -BT
i BT Aw)| 1D,
y=1-310 - e FrehT (4.18)

Equation (4.18) shows the first formula in Proposition I.

_A@)

When g is unknown: From the intensity function, a = FrreFo

d(ap) _
d(Az.B) the At

o i d d
(e, B | Yops) = w(a, B | Yops) Lfﬁ%

Jacobian is

The joint posterior density of (1., ) is given by:

From equation (4.12):

— — — _ n . _ -BT 1
(e, BlYons) = (KT ()]~ a1 p2nteF T tigmelt=Cme] =

[1-(1+pT)e~BT] 1
) ﬁz.[e—ﬁ‘r

= [k['(n)] (L)n_1 ﬁzn—le—ﬁz’;ltie‘(ﬁ)

B2te=Bt

=1 p2n-1 _ 1—(1+BT)e_ﬁT
:( - ) B -BEL b jn-1, AT[ p?re=PT ] S
B2re-PT KkI'(n) T Brre=FT

n p2n—1 _ 1—(1+/3T)e_/3T
= ( 3 1 7 ) B 7(1 ) e_ﬁZ?zlti A;l_l e AT[ ﬁZTe_BT ]
B?te~PT) kI'(n

[1—(1+ﬁT)e‘5T]n

P 1-(1+8T)e~ BT
— (ﬁzre BT) BZn—le—ﬁZ?=1ti r(n) B2re=hBT An—le_lr[ B2re—BT
kI(n) [1—(1+BT)e—BT]n rm) T
BZTE_BT
0 1-G+pn)eFT)" 1=+ 1) BT
_ A . —eee _ e
- p*le Flizati [ B2re=FT ] An—le_lr[ B2re~BT ] (4 19)
k[1-(1+BT)e—BT]" r(n) t '
Equations (4.15), (4.17), and (4.19) were used to obtain:
1-(1+81)e~ BT " B
- _ -BT
f pan-1e -BY b 1 Zn_1< Bzre—ﬁf_/ltv> _%Aw dp
—_ _ e Te
0 [1-(1+BT)e~BT|" h=0 h!
ﬁZTl 1 _BZ? 1Y

- fo [1-(1+BT)e—FT]"

h
1—(1+BT)e‘ﬁT _ -BT

h! [1-(1+pT)e=AT]"

B
™M
=3
il

S

dp
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n
52n—1e—5’2i=1 t;

But k = fo (1—(1+[)’T)e‘57)n dp
1-(1+pT)e T h T
Al — 1-(1+BT)e” _pyn o
—_1q _lyn- °°< p2reFT tv) T BT Atv B le BLi=qti
y=1--2h ], - e 5 amer 46 (4.20)

Equation (4.20) is the formula in the second part of Proposition I.

4.3.2 Proposition 11

Let ™ denote the time required to attain A,,,. For a specified level y:

o[- -1
) {[_an( 2A[1-(+pT)e ])] —T  if Bisknown

T = B Bx*(2n;y)
t—T if B isunknown
Remark 1:

The second part of proposition 11 is such that 7 is the solution to the equation

h
1-(+pme PT i} BT
-1 lzn—l oo( p2re—BT 1tv> e_%gw ﬁzn—1e—l32?=1 t
14 k ~h=0Jg h! [1—(1+ﬁT)e_ﬁT]n

Proof:

For a given level y, the time required to attain the target value A, isgivenby t* =t —
T, where 7 satisfies equation (4.15). When g is known; from equation (4.15), it can be noted

1-(1+B8T)e"

BT
that 2[ Srre-FT ]/’lw follows a Chi-square distribution with 2n degrees of freedom.

Therefore;

1-(1+BT)e~FT
2 [—,;z,e_; ]/’lw = x*2n;y) (4.21)

1-(1+pT)e FT _ x2(2my)
et = an, (4.22)

_ 2Ap[1-(1+BT)eFT]
- x2(2ny)

ﬁz_[e—ﬁr

_ 2Ap[1-(1+BT)eFT|

_B—,_—
e B2x2 (2my)

T=—%Wn(

—zmt,,[l—(1+ﬁT)e-ﬁT])
B2x?(2n;y)
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—22¢p[1-(1+BT)e~BT]
Bx*(2n;y)

1

—

) forn € Z (4.23)

—2¢[1-(1+BT)e~PT]

52 2ny) , and W is the

where n € Z denotes the nt* root of the equation te® =

Lambert W function, satisfying W (te®) = t.

From equation (4.23), the time required to attain 4, , ™, was obtained as follows:

«_ |1 —2Ap[1-(1+pT)eFT] ] _
te [ Wn( Bx*(2n;y) ) T (4.24)

Equation (4.24) is the first formula of Proposition II.

When B is unknown, the time required to attain the target value, A, is T, which is

the solution to:

1—(1+,8T)e_/3T h -BT
! o\ grrepr M) AU
y=1-13512 s ]

Kk =h=0Jo h! [1-(1+BT)eBT]

A p2n-1e=BEiziti

dp (4.25)

4.3.3 Proposition 111

The probability that at most k failures will occur in the time interval (T,t], Tt > T is

given by:
Yk =
" BT 4o —pry Ty
[(BTe~ ﬁT[-:e (;)ﬁT();re t]fr+e -p7)|" n+k I n) (ere BT[+1€ (i:)g_r()ir_;rff ) if B is known
711+rll( G Frgv)r(n)f g2n-le ¢ [(BTe” BT+[T[Z)+B(ZT;Z+6_M)]] ndﬁ if B is unknown
Proof:

The probability is given by:

Yk = Pr[N(T) S n+k| Y]

When g is known:

Vi = [y PrIN@ Sn+k | Yops 1 n(a | Yops )da (4.26)

But t(a | Y, ) is given by equation (4.6) and
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Pr{N(@) S n+k | Yops] = X12K fYopss N(@) = j 1 @) / f(Yops | @) (4.27)
From equation (4.1), f(Ypps | @) = a®B2M ([, t;)e Pl tig=all-A+BDe 1] gpg
fYopss N(@ = j 1 @) = [ o f Yobss tnss s G, N(@ = D Ty dty

— fDU_n:m alpH(TP_, t:)e " 5L, tig—al1-(1+pT)e ] ... d

= BTy t)e P temalt=pOe T [ (i tr)e Pt 1], dt, (4.28)

The integral part was solved as follows:

Jyte=Ptdt = % [1- 1+ Bt)eP]
Substituting the limits T and Bi [1—(1+Br)e ] - ﬁi [1— (1 + BT)eFT], which

reduces to % [(BTe™PT + e7BT) — (Bre™P™ + e~A7)]. Therefore, the integral part of

equation (4.28) was obtained as;

. A ' - [(5T6_BT+€_BT)—(ﬁre‘ﬁf+e‘ﬁf)]j_"
Joggony ([l )e ™ Homes it = 520 G-n)! (4.29)

Substituting equation (4.29) into equation (4.28) yielded:

f(yobs'N(T) =Jl a)=

1 [(Bre BT+e~BT)—(Bre~Fr+eBr)) ™

. . _ n L _ -Bt
ajﬁzj(n?zl t,)e BELitig—all-(1+pD)e ]Bz(j_n) o

From equation (4.27):

fYops N(@) =j la)/f(Yops | @) =

—a[l—(1+Br)e_BT] 1 [(BTe_BT+e_ﬁT)_(ﬁre_ﬁT+e—ﬁr)]j—n
e pg2G-n) (J-n!

P S e

ol BT, ty)e P Tzt

which reduces to:

fYop s N(@) =j 1 a)/f(Yops | @) =

)-ng-al(BTe FT+e=PT)~(pre=Fr4eb7)| [(BTeFT+eT)-(greFrre Fr))
(j-n)!
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Thus, equation (4.27) becomes:
PrIN(t) <n+k| Y] = Zn+kf(yobs;N(T) =jla)/f(Yops | a)

_ Zn+k qi-ng-al(BTe FT+e=FT)—(Bre=FT+e=FT)] [(BTePT+e=FT)—(Bre=BT+eF* )]J n (.30
(-n)!

Hence, equation (4.26) becomes:

Vi =

f Zn+k aln —a[(p’Te'BTﬂe'BT) (Bre=BT+e=FT)] [(BTe FT+e~ ET() (»8)79 Brie- ET)] {[F(n)] 1gn—1p-a[1-(1+BT)e” BT][ _
j-n)!

1+ ﬁT)e‘ﬁT]n] da

n+k [(BTe=FT+e=PT)~(Bre=Fr+e=F1)] " [1-(14pTIeFT]" (o0 j—ng—a[1-(1+B1)e~FT]
= Xj= G-m)Ir(m) Jy o da

n+k [(BTe AT +e=FT)~(Bre =P +e=F7) "[1-(14pT)eFT]" r() o [1-(1+81)e” BT] —ng-a[1-(1+B1)eF7] 3,
j=n (j—n)IT(n) [1-(14BD)e" 3111 0 ING))

(4.31)

The integral part of the equation (4.31) is a gamma distribution with parameters j and

[1 -1+ ﬁr)e‘ﬁf], and thus integrates to 1. Hence, equation (4.31) reduces to:

i [(BTe BT +e=BT)—(Bre=BT+e=AT) "[1- (1+ﬁr)e-ﬁT]"r<j)

- 4.32
T = (-m)Irm)[1-(1+p0)eF7) ( )
Equation (4.32) was rearranged to obtain:

= [1-(+pm)e=FT]" n+k } 1y [(BTe=FT+e=FT)—(pre~FreeFr)

Vie = [(BTe=BT+e=BT)—(Bre~FT+e~ ﬁr) ) (433)

[1-(1+Br)e=B7)
Equation (4.33) is the first formula of proposition IlI.

When B is unknown:

V=1, Jy PrIN(G) S n+k| Yo ] P(a, B | Yops )dadp

where Pr[N(z) <n+k | Y,,s ] and n(a, B | Y,ps ) are given by equations (4.30) and (4.12)

respectively.
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+k - Te BT 4¢—BT Bt BT T -
Ve = Bi sy Mo @/ e lTeT e e N (BT T 4 o) -

(IBTe_ﬁr_l_e—Br)]]J a1 gen=1g=B YL, tig=al1-(+BTe ] g

Tl+ij) 2n—1 _ﬁz{l t; [(ﬁT@ BT+€ ﬁT) (,B‘L'e ﬁ‘L’_l_e ﬁ-,;)]] n
4 G 1 [—(1+pre—FT] dp (4.34)

where ¢ = k as used in equation (4.12). Letter ¢ has been substituted for k because the
summation in equation (4.34) is from n to (n + k), and the k’s are not the same. Equation

(4.34) implies the second formula in proposition I1I.

4.3.4 Proposition IV
The Bayesian UPL of A(t) = af?te Pt with level, y, was obtained as:

if Bisknown

(B?te”F)x*@nyy)
A8 { 2[1-(1+BT)e~FT]
Ay if Bisunknown

Remark 2:

The second part of Proposition 1V is such that A, is the solution to the equation;

h
-BT
(%Am) _1-Gepme AT
—1— 12;{:3 oo B4te e B2re— BT -

E=0=EC0 h! [1-(1+BT)e—AT]

A p2n-1e=BEiziti

Proof:

When B is known, given a predetermined 7 (r > T), the Bayesian UPL for A(t) with

level y, denoted by /’lg,ﬁ) satisfies y = Pr(/lt < Aﬁf)(r) | Yobs). From equations (4.15) and

(4.21):

y= 0O p [Flme ) A e o P (4.35)
From equation (4.27):

2[FEE 20 @ = 2 eny) (4.36)

Making /’lgf) () in equation (4.36) the subject, we get;
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(B) (.~ _ (B2te PO)x*2ny)
Ay (@) = 2[1-(1+pT)e~AT] (4.37)

Equation (4.37) implies the first part of proposition 1V,

When B is unknown, the Bayesian UPL for A(t) = af?te =5t with level y is A,,,

which is the solution to;

h
1-(1+8T)e~ BT ) -BT
—r 2 1-(1+BT)e . o—_pyn 4.
y=1-21yn1 foo< pree Pt ) T prepr A BPTleTfhimati dg (4.38)
k h=0 0 n! [1—(1+ﬁT)e‘5T]n .

4.4 Main Results for Single-Sample Prediction Using Informative Priors

In this section, formulas to address the proposed issues were derived, assuming that
and B are gamma-distributed. The joint density given in equation (4.1) was used.

Case 1: When g is known, an informative prior was adopted, assuming that
a ~ Gamma(a, b), where a and b are known hyperparameters.
m(a) x a% le~ba (4.39)
The posterior distribution of a obtained from equation (4.2) is as follows:

f(Yopsla, B)n(a.p)
f(:o f(:o f(Yopsla, B )n(a,p)dadp

w(a | Yops) =

Equations (4.1) and (4.39) were used to obtain:

an+a—1ﬁzn(l—[1i1=1 ti)e_ﬁ Z’il=1 tie—a[b—l—(1+BT)e_BT]

7'[(0( | Y, b ) = —
obs f(;’°an+a—1ﬁ2n(n?=1 ti)e_BZ?=1tie_“[b—l_(“BT)e I?T]da

PR et gt ~elri-Gme ]

= 4.4
B2 (ML, ti)e_'gz’ilﬂti f(;” an+a—1e—a[b—1—(1+BT)e‘ﬁT]da (4.40)
The denominator of equation (4.40) can be written as:
_BYM ¢ (n+a) w [p-1-(1+8T)e~ BT PR A -BT
B[y t)e ozt o vy e Jo [ o L gnta-tg-alo-1-4pne Tl gq

which reduces to:

2n(n —BY™ ¢ I(n+a)
Lt i=1ti .
B (Ili=, ti)e A e ——

Equation (4.40) becomes:
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B ([T, t)e PR i gnra-tg-alp-1-+pne ]

7'[(0! | Yobs) = ﬁZn(l_Hl:l ti)e_ﬁzlﬂ:l t; r(n+a) ’

[b—1—(1+BT)e—5T]n+a

which reduces to:
(@ | Yops) = [[(n + a)] 7t anrate=alb-1-Bne M [p _ 1 _ (1 4 pT)e~FT|"" (4.41)

Case 2: When g is unknown, the study adopts a joint prior distribution of a and S,
assuming they are independent and f~Gamma (c, d), where c and d are known.
n(p) < pte~
Since the parameters are independent, the joint prior function was obtained as follows:

(a,B) « mw(a)m(B), implying that;
n(a,B) x a® le~ba pe-le=dp (4.42)

The joint posterior density of a and 8 obtained from equation (4.2) and equation (4.42)
is as follows:

| _ f(Yopsla, B)n(ap)
(B | Yops) = 1212 F(Yopsla, B)n(ap)dadp

a@=1e=ba ge=1e=dfgnpan([IL ¢,)e P Liz1 tig=af1-(+pmeFT]

ff:o ad-1le—ba gc-lg-df gnp2n (I ti)e_52?=1 tie_“[l_(HﬁT)e_BT]dadﬁ

anta=ipg2nte-1(n ti)e_B(d+Z?=1 t) e—a[b+1—(1+BT)e—.3T]

- [fy an+a=tgente-1(II t)e PEZL ) e_a[b+1_(1+BT)e_BT]dadﬁ

an+a=1pgan+e=1,=B+IIL, t) o—a|b+1-(1+pT)eAT|

a {( I pan+e-1=B@+IiL, ti)dﬁ)( [ gnta—1p=a[p+1-+BT)e=FT] da)}

an+a=1pgan+e—1,=B+IIL, t) o—a|b+1-(1+pT)eFT|

(4.43)

I'(n+a) f°°[s’2"+c‘1e_ﬁ(d+z?=1 )

0 [b+1—(1+BT)e—BT]n+a

o ‘an+c—1e—ﬁ(d+2?=1 t;)

Letq = [

[b+1-(1+8T)e=BT]" ¢ 70"

Equation (4.43) becomes:

(e, B | YVyps) = [qr(n + a)]—1a,n+a—1[32n+c—1e—B(d+2?=1 t)) e—a[b+1—(1+ﬁT)e‘BT] (4.44)
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4.4.1 Proposition 1.1
The probability that the target value 4., will be achieved at time = (t > T) is:

'}/ =
h
-BT
( (BB ) ottt )
1-Yrtet = e prre=hT if B is known
b+1-(1+8T)e BT B _8T
nra-t (;a—ﬁA) [P | prrete bt
Z — e TG pTe P B if B is unknown

Proof:

Let m(Y,,s | A,) denote the posterior density of A(t) = af?te Pt. Thus, the

probability that A,,, will be achieved at time = (z > T) is given by (4.15). When g is known,

A(t)

= e Bt as obtained from the intensity function, and da L

. = T The posterior
T

distribution of A, is (A, | Y5 ) = m(a | Yyps) |;7“|. Thus, the posterior density becomes:

(e | Yobs) = ey (ﬁzg—ﬁr)nm_l oGt lo+1-Goepmye 1] [b+1-Q1+
BT) ,BT]"“‘ m,
which reduces to:
<b+1 (1+BT)e ﬁT) ¢ b+1-(1+pT)e AT
T(Ag | Yyps ) = ~—Loxe™" A;Ha—l{“( pee=PT > (4.45)

r(n+a)

From equation (4.45), A, follows a gamma distribution with parameters (n + a) and

_ -BT . . _ o .
(b+1 ﬁ(zl;[i ?Te ) Recall the relationship between gamma and Poisson distributions given by

f x® le By =1 - Y% 1GD" —p2

equation (4.17) as — h=0"p;

F( )
From equations (4.15) and (4.45):

b+1—(1+BT)e‘BT " -BT

s R e LA Y
— n+a-1 2-0—P

Yy =1-2no e prremlt

- (4.46)

Equation (4.46) is the same as the first formula in Proposition I.1.
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When B is unknown: From the intensity function, a = and let § = B. The

/3 Frepe
d@p) _

Jacobian is )~ Frre P

The joint posterior density of (1., 8) is given by;

d(a.p)
(A, B | Yops) = m(a, B | Yops) |d(;{f./3’)

From equation (4.44):

— — - — n . _ _ -BT 1
T[(/lr,ﬁ | Yobs) — [qr(n + a)] 1gnta 1ﬁ2n+c 1o pa+¥i—,t)) e a[b+1 (1+BT)e ]_ﬁzw-m

n+a—1 _ _ b+1—(1+ﬁT)e‘ﬁT]
_ ( i ) BT L —Ba+T b)), lf[—ﬁzfe—ﬁr 1
B2te=BT qr(n+a) " p2re—BT

-1 B _ b+1—(1+ﬁT)e‘ﬁT]
= (o) T s prant ]
B2te—BT qr(n+a) T " p2re—BT

b+1—(1+BT)e‘5T]

— 2n+c-1 — - s

_ (ﬁzre‘/“) (n+a) B : ¢ )e—ﬁ(d+z?=1ti) Anta-lg 7‘1[ p2re— BT
qlr'(n+a

b+1-(1+pT)e BT nra
e —(n+a) R LD b+1-(1+BT)e~ BT
(B*tePY) pEnte—1o-B+EL, ) r(n+a) ( prre”Pt > Jna-1 e‘ﬂf[—ﬁzre—ﬁf ]
qr(n+a) (b+1—(1+BT)e_»8T)n+a T(n+a) T
BZTE_BT
n+a
b+1—(1+[s’T)e‘BT> -BT
2n+c—1,-B(A+E]L, ¢ ( - _ [%]
_ ,3 n+c e ( i=1 L) BZTe Bt /1_’1;1_'_0'_16 l-,_- ﬁz‘re_BT (447)

q[b+1—(1+ﬁT)e—3T]n+a (n+a)
From equation (4.15), equation (4.17), and equation (4.47):

b+1-(1+8T)e~ BT

h
— At,,> _ [b+1—(1+BT)e_BT]
— ynta-1 < B?te :'T Aty B2re—PT dp

1 ﬁ2n+c 1, (d+Zl =1 l)

14 =3 0 [p+1-(1+BT)e~AT

]n+a

w pEntc-l, -B(d+X]—, t;)

0 b+1—(1+ﬂT)e-ﬁT]"+“

b+1-(1+8T)e BT _BT

— b+1— T
l2n+a—1 foo( p2reFT Atv) e_ltv[ = l;zl:eﬁ_;;‘f ] ﬁznﬂ_le_ﬁ(dﬂfﬂ t;)
q h=0 0

h! [b+1-(1+pT)e~ BT
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h
b+1—-(1+p8T)e BT > -BT
—_—t—] b+1-(1+BT)e o L
=1 —lynta- oo( I e e W i G dB (4.48)
q<h=0Jo h! [b+1-(1+pT)e=BT]" " '

Equation (4.48) is the same as the equation in the second formula of proposition I.1.

4.4.2 Proposition 11.1

The time 7~ required to attain A, for a given level y is;

B Bx?(2n;y)

- - -BT
o {[_an( 22p[b+1-(L+BT)e ])] —T  if Bisknown
=T if Bisunknown

Proof:

The time required to attain A, for a given level y is obtained as t* = 7 — T, where t

_ -BT
b+1-(1+pBT)e )/11

satisfies equation (4.15). When B is known, from equation (4.45), 2( Srre BT

follows a Chi-square distribution with 2n degrees of freedom. Thus;

b+1-(1+BT)e AT
2( Bere—Fr )lw = x*(2n;7) (4.49)
b+1-(1+pT)e PT _ x2(2nyy)
o = (4.50)
Bt _ 22¢p[b+1-(1+BT)e~FT]
Te B2 (2ny) (4.51)
Making t the subject in equation (4.51), we have;
_ 1 —2A¢p[b+1-(1+BT)e~FT]
T=—2 W ( e ). forn € Z (4.52)
From equation (4.52), we obtain 7* as follows;
s_ 1 —2Ap[b+1-(1+BT)e AT\
T Wn( Bx?(2n;y) ) T (4.53)

Equation (4.53) is the first formula in proposition 1.1

When g is unknown, t* = 7 — T, where 7 is the solution to;

h
b+1—-(1+8T)e BT _ —BT
—1_ lznﬂl—l foo( p2te—PBt Af") e—/lw[—b+1 ;;;‘B_Tl;f ] ﬁzn+c—1e—ﬁ(d+2?=1ti) 4B (4.54)
y - q h=0 0 ! [b+1_(1+'8T)e_ﬁT]n+a .
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4.4.3 Proposition 111.1
The probability that at most k failures will occur in the time interval (T,t], Tt > T is

given by:

Yk =

b+1-(1+BT)e AT n [b+1 (1+BT)e~F ] Zn+k ]+a_1) (BTe BT +e=PT)—(Bre AT+e~FT) J k |
(BTe=BT+e=BT)—(Bre~FT+e~FT) b+1-(1+p1)e FT n+a-1 b+1-(1+B1)e=BT B know

n+k r'(j+a) f B2n+c 1 —ﬁ(d+2{1 1) [(ﬂTe_BT"'e_ﬁT)_(ﬁTe_ﬁr".'e_ﬁr)]j_n dp
J= q(j-n)IT(n+a) [b+1-(1+pT)e=BT)

if Bisunknown

Proof:

The probability is given by:

Vi = Pr[N(7) s n+k | Yops]

When £ is known:

Vi =J, PIIN() Sn+k | Yops, a1 P(a | Yyps )da (4.55)
where p(a | Y, ) is given by equation and

PrIN(D) S n+k | Yops, @] = X125 f (Yops, N(©) = j 1 @) / f(Yops | @) (4.56)
From equation (4.1), f(Y,ps | @) = a®B2 ([T, t;)e B i1 tig=al1-(1+8Te™ 7] gpq
f(Yopss N(¥) =j la) = fD(j_n:T_T)f(Yobs' tne1s - L N(T) = ) Hz —n+1d

2 J i 1—(1 Bt
fD(] —n:T,7) ol B (1, tr)e P o tiemel =A™ dry

= UL, te PE b= f (g t)e PR 1L, At (457)
The integral part of equation (4.57) is solved as follows;

[y te=Ptdt = % [1- 1+ pt)ePt]

Substituting the limits T and 7, we get; % [1-(1+pDe ] - % [1-(1+pT)e 7],

which reduces to —[(ﬁTe BT + e=BT) — (BreP* + e7F7)]. Therefore, the integral part of

equation (4.57) is obtained as:
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1 [(ﬁTe_BT+e_BT)—(ﬁre_ﬁf+e—ﬁf)]j_"

j -BYI_ j _
fD(j—n:T,T)(Hl=n+k t)e P Lizniit [lopiidti = B2G-m G (4.58)

Substituting equation (4.58) into equation (4.57), we obtain;

f(Yops, N(T) =j | @) =

1 [(Bre BT+e~BT)—(Bre~Frie~Br)) "
p2G-m G-n)!

aj:BZj (I tl-)e_ﬁ Xt tie—“[l—(1+ﬁr)e_31']

From equation (4.56):

f(Yopes N@) =j la)/f(Yops | @) =

i g2 - . —af1- -B pTeBT +e=BT)(gre=BTre=Br) "
o A ([T, ti)e pYims tipma1-Gepoe T]BZ(Jl'—n)[( — )(jEn)T:e el

anpen ([T, t))e P iz tig=a 1=+ FT|

which reduces to:

fYops N(©) =j 1 a)/f(Yops | @) =

o~ -al(BTe T 4o )~ (pre~Frse=hr)] [(BTeFTre 1)~ (gre frveFr)]
(j-n)!

Thus, equation (4.56) becomes:

PriN(m) =n+k | Yops ] =Z;':rlff(yobs:1v(7:) =jla)/f(Yops | @)

- - Bty ,—pT\P "
= Z;‘;’f ai—ne-al(BTe FT+e FT)—(Bre Fr+eFT)| [(BTe BT +e BT()j—_(f)r'e BT yeFT)) (4.59)

Equation (4.55) becomes;

Yk =

- - - - j—n
©sn+k ,j-n,—a[(BTe FT+e=FT)—(Bre Fr+e=FT [(Bre PT+e"PT)—(Bre FT+e F7)| n+a-1,-a[b+1-(1+pT)e AT
Jo XjZnal e ( )~ ) (-n)! T(n+a) {a el ][b +

1-(1+ ﬁT)e-ﬁT]’”“}da

e [(Te T4 )~ (pre P4 )] o1 T o s

—a[p+1-(1+B7)eFT]
J=n (j-n)!T(n+a) 0 da

e
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n+a j+a
] ]

a,j+a—1e—a[b+1—(1+ﬁr)e_ﬁf]da

gtk [(BTe‘BT+e‘BT)—(Bre‘B’+e‘ﬁf)]j_n[b+1—(1+BT)e‘BT r'(j+a) . foo [b+1-(1+Br)eF"
J=n (-n)!T(n+a) [b+1-(1+BT)e—B7) -0 r(+a)

(4.60)

The integral part of equation (4.60) is a gamma distribution with parameters (j + a)

and [b +1-(1+ ﬁr)e‘ﬁf], thus integrates to 1. The equation becomes;

_ stk [(BTePT+e=FT)~ (BreFr+e=F7)) " [p41-(1pme AT r(+a)
= j=n (j—n)! I'(n+a) [b+1—(1+ﬁ‘l’)e_ﬁt]j+a

(4.61)

Equation (4.61) is rearranged to obtain;

Yk =

b+1-(1+BT)e FT n

(BTe=BT+e=BT)—(pre—FT+e=FT)

[b+1—(1+BT)e‘BT]aZn+1(j+a—1) (BTe=FT+e=PT)—(gre=FreeF7)]/
b+1-(1+Br)e~B7t] “i=1\n+a-1 b+1-(1+B1)e~FT

(4.62)

Equation (4.62) is the first formula in proposition I11.1.
When B is unknown, giventhat Pr[N(t) < n + k | Yps, @, Bland w(a, B | Y,ps ) are
presented in equation (4.59) and equation (4.44):

Vi = f0°° f0°° PI‘[N(T) <n+k | Yobs ] T[(a:ﬁ | Yobs )dadﬁ
— yn+k 1 © j-n,—a|(BTe PT+e BT)~(Bre BT+e~FT)| -BT -BTY _
LI oo o @/ e [(BTe™T +7F7)
(IBTe—ET + e—ﬁr)]j_na,n+a—1ﬁ2n+c—1e—ﬁ(d+2?=1 ) e—a[b+1—(1+ﬁT)e‘5T]dadﬁ
j—n

_ gtk _TU+®) % ponie1,—p(a+3n, ¢;) [(BTe PT+ePT)—(pre Fr+eFT))
Zin e o 8 ¢ o [b+1-(1+pT)e~ATP b 4.63)

Equation (4.63) is the second formula in proposition 111.1.

4.4.4 Proposition 1V.1
For a given level y, the Bayesian UPL of A, = af?te #! is obtained as;
(B2teFt)x*2niy)

AP = Lalbr1i-(+pryeFT]
Aty if Bisunknown

if Bisknown

Remark 3:

The second part 08f proposition IV.1 is such that 1., is the solution to the equation;
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h
b+1-(1+pT)e PT _ -BT
1—=-ynrta-1 f°°< p2re=Pt /1“,) {%) A pmre-te i ) ap
=1—-—=-2nu- e
v q=h=0Jo h! [b+1-(1+pT)e=BT]" "

Proof:

When B is known, given a predetermined t (z > T), the Bayesian UPL for A, with

level y, denoted by /15,3) satisfies y = Pr(lt < Ag,ﬁ)(r) | Yobs). From equations (4.15) and

(4.49),
- -BT
A(B)( ) b+1_(1+5T) _BT n+a A‘?L_1+a—1 —AT b+1 (1+ﬁ_T):
Yy = f() v f [ 'b)zre—ﬁre ] T(n+a) e [ B2te B ]dl‘t (464)
This implies that,
b+1-(1+B8T)e~FT
2 [ Bzw_ﬁf ]/’lﬁf ‘(1) = x*@n;y) (4.65)

Making /’lE,/”) (7) in equation (4.65) the subject, we get;

(B) .y — (BPre PO)x*2ny)
Ay~ (0) = 2[b+1-(1+BT)e=AT] (4.66)

Equation (4.66) implies the first part of proposition I1V.1.

When B is unknown, the Bayesian UPL for A, = af%te~#t with level y is A, which

is the solution to:

h
b+1—(1+BT)e_ﬁT b+1— e BT
1—2ynta-1 f°°< pPre T lw) o ﬁ(zuﬁ—z;re )Atv prnrete P ) ap (4.67)
=1-=yn e Te .
4 q=h=0Jo h! [b+1-(1+pT)e=BT]" "¢ B

4.5 Real Examples for Single-Sample Bayesian Prediction
4.5.1 Results Obtained Using Non-Informative Priors

In this section, secondary software failure data in Table 4.3, obtained from Ehrlich et
al. (1993), was used for single-sample Bayesian prediction, and the results are presented and

discussed.
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Table 4.3: Time between failures data.

Index Failure Inter- Index Failure Inter-
Time failure time Time failure time
1 5.5 5.5 12 166.99 14.6
2 7.33 1.83 13 178.41 11.41
3 10.08 2.75 14 197.35 18.94
4 80.97 70.89 15 262.65 65.3
5 84.91 3.94 16 262.69 0.04
6 99.89 14.98 17 388.36 125.67
7 103.36 3.47 18 471.05 82.69
8 113.32 9.96 19 471.5 0.46
9 124.71 11.39 20 503.11 31.61
10 144.59 19.88 21 632.42 129.31
11 152.4 7.81 22 680.02 47.6

The study used failure times 0 < t; < t, < -:- < t,,, Where n = 22. The data was used
by Ehrlich et al. (1993) and Hung-Cuong and Quyet-Thang (2015), with the latter arguing that
the data has been widely used in assessing software reliability models. For the case where g is
assumed to be known, the MLE was computed, fixing parameter values at « = 18 and 8 =
0.00342, where o and 8 were close to the Maximum Likelihood estimates obtained by Hung-
Cuong and Quyet-Thang (2015). The MLE for g, for the Delayed S-shaped model, was
obtained as 8 = 0.007609807. The study used this value for the cases where  was assumed
to be known.

Proposition I: Suppose the target value is given by A;, = 0.02. This implies that the
probability of software failure occurring in the future time period is 0.02. At time T = 100h,
the MLE of the achieved software rate for this software is A = afe =1 = 0.0640, which is
greater than 0.02. Thus, the target value cannot be achieved at the initial time window, T =
100h. Assuming a time greater than 100h, T = 500h, and the focus is to determine the
probability of achieving A, at this time: (i) When £ is known (8 = 0.007609807), from the
first formula in Proposition I, y = 9.0 x 107°. Therefore, it is almost unlikely that the target

value will be achieved. (ii) When g is unknown, from the second formula in Proposition I, y =
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3.0 x 1077, It is unlikely that the target software failure intensity of 0.02 will be achieved at
time 7 = 500h.

Since the target value was not achieved at T = 500h, it would be of interest to assess
the relationship between the probability and time by varying t, while holding A;, = 0.02
constant. This was illustrated in the case when g is unknown. Table 4.4 shows the probabilities
and time, indicating that it is unlikely that the targeted failure intensity will be achieved
between 130h and 530h. However, it is almost certain that at 830h and above, the targeted
software failure intensity will be achieved. It is crucial to note that these values do not indicate
the exact time at which the failure intensity would be achieved but rather the time by which it
is expected to have been achieved with some probability. Figure 4.7 displays the relationship,
indicating that the probability of achieving a software failure intensity of 0.02 increases with
time. It can be observed that the probability increases rapidly between 630h and 780h,
suggesting that between these time periods and/or above, the targeted software failure intensity

is achievable.

Table 4.4: The probability that the software failure rate of 0.02 will be achieved at different

periods, .

Time period, Tin h P(A4,, =0.02) Time period, tinh | P(44 = 0.02)
130 0 580 3.15x 107*
180 0 630 1.165 x 1072
230 1 x 10716 680 1.634 x 1071
280 2x 1071t 730 6.803 x 1071
330 1.72 x 1071 780 9.824 x 1071
380 2.09 x 10712 830 9.9996 x 1071
430 29x%x107° 880 1.0 x 10°
480 3.96 x 1078 930 1.0 x 10°
530 436 x 107 980 1.0 x 10°
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Probability of Achieving Atv = 0.02 at Time, T
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Figure 4.7: The probability of achieving 4, = 0.02 at different time periods.

Another issue of interest would be to determine the most probable failure intensity at
T = 500h since the targeted value of 0.02 (1, = 0.02) was not achieved. An illustration was
performed for the case when £ is unknown to assess the relationship between failure intensity
and probability while holding the time, 7, at 500h. The study obtained the results displayed in
Figure 4.8. Holding t = 500h constant implied restricting the time window to 0-500h, such
that the probabilities in the vertical axis are of achieving the failure intensities in the horizontal
axis in Figure 4.8 within this time interval. For instance, a failure intensity of 0.20 has a
corresponding probability of 1.0 (see Figure 4.8). This means that this failure intensity (0.20)
can be achieved at any time between Oh and 500h. The Delayed S-shaped model assumes errors
are corrected immediately upon detection, with no further errors introduced into the software
(Hanagal & Bhalerao, 2018). As testing time increases, failure intensity would be expected to
decrease steadily. It means that at T = 500h, the achievable failure intensity corresponds to
those with probabilities less than 1.0 (p < 1.0). As such, in selecting the highest achievable
failure intensity, a probability that tends to one was chosen, while the failure intensities at
which the probability is exactly one (1) were disregarded. It can be observed that it is unlikely
that the software will have a failure intensity of less than 0.05 at T = 500h. It can also be

observed that the most probable failure intensity is between 0.06 and 0.13.
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Probability of Achieving A_tv at Time 1= 500h
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Figure 4.8: The probability of achieving A, = 1 at T = 500h.

Proposition I1: The next step involved determining how long it will require to achieve
the target value, A,, = 0.02, since it was not attained at time T = 100h. (i) When g is known
(B =0.007609807), and y is 0.90, T* = 583.365h was obtained using the first formula in
Proposition Il. The result implies that it will take another 583.365h to achieve the desired
failure rate of 0.02 (i.e., the targeted failure intensity will be achieved at T = 683.365h). (i)
When g is unknown, t* = 657h was obtained using the second formula in Proposition 11 and
Remark 1. Thus, it will require 657 additional hours to achieve the targeted failure intensity of
0.02. The results imply that when £ is known, the targeted failure intensity will be achieved at
683.365h, and when it is unknown, the predicted time is 757h.

Proposition 111: Since the study has established that the probable software failure
intensity at a future time interval (100, 500]h, is high, the probability that at most k failures
will occur at a future time interval (T, t*] was obtained, where T < 7* < 7. Suppose the interest
is to determine the probability y, that at most k failures will occur in the future time interval
(T,t*] = (100, 130]h, the following results were obtained for k = 25:

(i). When g is known (f = 0.007609807), from the first formula in Proposition Ill, the
following results were obtained: y, = 0.000213, y; = 0.00171, y, = 0.00720, y; =
0.02122, y, = 0.04916, ys = 0.09552, y, = 0.1621, y, = 0.2470, yg = 0.3452, yo =
0.4497, y;0 = 0.5529, y;; = 0.6488, y;, = 0.7329, y;5 = 0.8031, y,, = 0.8590, y;s =
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0.9019, y;¢ = 0.9335, 3, = 0.9560, y;5 = 0.9716, y19 = 0.9821, y,, = 0.9889, y,, =
0.9933, ¥,, = 0.9960, y,3 = 0.9977, ¥,, = 0.9987, and y,s = 0.9992.

(if). When g is unknown, using the second formula in Proposition Ill, y, = 0.000024, y; =
0.000230, ¥, = 0.00113, y5 = 0.00391, y, = 0.01054, y5 = 0.02375, y, = 0.04651, y, =
0.08137, yg = 0.1298, yy = 0.1916, ¥, = 0.2649, y,; = 0.3466, y;, = 0.4327, yy3 =
0.5189, y;, = 0.6014, y;5 = 0.6772, y14 = 0.7444, y,;;, = 0.8018, y;5 = 0.8495, y;q =
0.8880, y,0 = 0.9182, y,; = 0.9413, y,, = 0.9586, y,3 = 0.9713, y,, = 0.9804, and
Y25 = 0.9868.

The above probabilities were plotted in Figure 9, with k (the number of software
failures) on the horizontal axis and probabilities on the vertical axis. Figure 4.9 indicates that
the probabilities are higher when g is known. The graphs converge at the maximum (p = 1.0),
a point where it is certain that at most k software failures will be achieved within the specified
time interval. From the figure, it is most likely that at most 25 failures will occur within the
interval for the cases of known and unknown SB. However, it is also likely that less than 25

failures will occur within the specified time interval for the case of known 2.

— beta is known i
—— Dbeta is unknown

00 02 04 06 08 10

15 20 25

Probability of at most k failures in {100,130]

Figure 4.9: The graph of the probabilities y, that at most k failures will occur in the time

interval (100, 130] for the cases of known and unknown f3.

Proposition 1V: The Bayesian UPL of A(t) = aB?*te At given T = 700h and the
level, y = 0.90: (i) When g is known (8 = 0.0076098073), the Bayesian UPL was obtained
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using the first formula in Proposition 1V as /133) () = 0.01805. There is a 95% probability that
the failure intensity at 700h will be less than or equal to 0.01805. (ii) When £ is unknown,

using the second part of the formula in Proposition 1V and Remark 2, the Bayesian UPL of

A(t) = af?te Pt with level y = 0.90 was obtained as Agjﬁ)(r) = 0.02883. There is a 95%
probability that the failure intensity at 700h will be less than or equal to 0.02883. If the target
is to release the software into the market when the failure intensity is at most 0.02 (1, < 0.02),
it would be an optimal decision to terminate the testing process at a time when the Bayesian
UPL is less than 0.02.

4.5.2 Results Obtained Using Informative Prior
The hyperparameters of the joint gamma-distributed prior were chosen arbitrarily as
a=2,b=0.005c=2,andd = 0.005.

Proposition 1.1: Given a predetermined failure intensity of 0.02 and time period, 7 =
500h, when B is known, y = 8.0 x 107°. Therefore, it is unlikely that the targeted failure
intensity will be achieved at T = 500h. When g is unknown, y = 4.7 x 1077, indicating it is
also unlikely that the targeted value will be achieved.

Since it is unlikely that the targeted failure intensity will be achieved at 7 = 500h, the
study varied t to determine the probability of attaining 4., = 0.02 at different time periods.
This was illustrated for the case when £ is unknown, varying time as T = 130: 1000, by 50.
Figure 4.10 shows that the targeted software failure intensity would not be achieved at 630h
or less. It can also be observed that between 630h and 780h, the targeted failure intensity is
achievable. At a time period T > 780h, it is almost certain that the targeted value will be

achieved.
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Probability of Achieving Atv = 0.02 at Time, T
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Figure 4.10: The probability of achieving A,,, = 0.02 at different time periods.

Since the targeted software failure intensity (4, = 0.02) was not achieved at 7 =
500h, the study determined the most likely failure intensity at this time period by varying A,
and computing their corresponding probabilities while holding T = 500h constant. An
illustration was performed for the case when g is unknown. Figure 4.11 indicates that it is
unlikely to achieve a software failure intensity of less than 0.05 at ¢ = 500h. It can be observed

that the achievable failure intensity lies between 2 = 0.05 and 1 = 0.10.

Probability of Achieving A_tv at Time 1= 500h

P tv = A)

00 02 04 06 08 10

| T | | T
0.00 0.05 0.10 0.15 0.20

Failure Intensity (A_tv)

Figure 4.11: The probability of achieving A;, = A at T = 500h.
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Proposition 11.1: Since the targeted failure intensity was not achieved at T = 500h, the
study determined how long it would take to achieve this failure intensity. (i) When g is known
and y = 0.90, using the first formula in Proposition I1.1, the additional time, * = 578.8357h.
The result implies that it will take another 578.8357h to attain the target value, A;, = 0.02:
The failure intensity is predicted to be achieved at time 678.835h. (ii) When £ is unknown,
" = 627h, implying it will take additional 627h to achieve the targeted failure intensity. That
is, it would be achieved at T = 727h. These results may inform software developers about the
predicted time at which they expect to achieve the targeted failure intensity, hence the decision
to terminate the testing process and timely release of the software into the market.

Proposition 111.1: Suppose the interest is to obtain the probabilities y, that at most k
failures will occur in the future time period (100, 130]h. The following results were obtained
for k = 25, and plotted in Figure 4.12.

(i). When g is known (8 = 0.007609807), using the first formula in Proposition 111.1, we have
Yo = 0.000122,y; = 0.00104, y, = 0.00463, y; = 0.01437,y, = 0.03494, y5 = 0.07101,
Y6 = 0.1256, y; = 0.1988, yg = 0.2875, y4 = 0.3863, ¥, = 0.4884, y;; = 0.5871, y;, =
0.6773, y13 = 0.7554, ¥, = 0.8200, y;5 = 0.8713, y;¢ = 0.9104, y;, = 0.9392, y,5 =
0.9597, y19 = 0.9739, y,, = 0.9835, y,; = 0.9897, y,, = 0.9938, y,3 = 0.9963, y,, =
0.9978, and y,5 = 0.9987.

(it). When B is unknown, using the second formula in Proposition 1ll.1, we get y, =
0.0000634, y; = 0.000568, y, = 0.00266, y; = 0.00866, y, = 0.0221, ys = 0.04705,
Ye = 0.08702, y, = 0.1438, yg = 0.2168, y, = 0.3028, ¥, = 0.3969, y,; = 0.4934,
Y12 = 0.5866, Y3 = 0.6722, y14 = 0.7472, y,5 = 0.8102, y;¢ = 0.8611, y;, = 0.90009,
Y1g = 0.9308, y,0 = 0.9528, ¥,o = 0.9685, y,; = 0.9794, y,, = 0.9867, y,3 = 0.9916,
V24 = 0.9948, and v, = 0.9968.

Figure 4.12 shows that the probabilities are slightly higher when g is known. The two
graphs converge slightly below the maximum (p = 1.0) when approaching the 25" failure. The
pattern suggests that it is most likely that at most 25 failures will occur within the specified
time interval. This information is appropriate for software developers in planning tests as they

will prepare for at most 25 failures in the time interval (100, 130]A.
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Figure 4.12: The graph of the probabilities y, that at most k failures will occur in the time

interval (100, 130] for the cases of known and unknown f3.

Proposition 1V.1: Suppose the interest is to obtain the Bayesian UPL of A(t) =
aB?te Pt given T = 700h and the level y = 0.90; (i) When £ is known (8 = 0.007609807),
the Bayesian UPL was obtained using the first formula in Proposition V.1 as AE,B)(T) =
0.01756. (ii) When g is unknown, the Bayesian UPL of A(t) was obtained as /15,3)(1) =
0.02392. The failure intensity at 7 = 700h is predicted to be less than or equal to 0.01756

when g is known and less than or equal to 0.02392 when g is unknown, with a 95%

probability.
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CHAPTER FIVE
CONCLUSIONS AND RECOMMENDATIONS
This chapter provides conclusions from the analyses performed. Recommendations
based on the results and for further research are also provided.

5.1 Conclusions

In most software reliability assessment problems, researchers aim to obtain accurate
parameter estimates using small data available to enhance accuracy in prediction and save on
resources. The primary objective of this study was to perform Bayesian interval estimation,
launch a comparison with Wald confidence intervals, and address prediction issues in software
reliability testing. Interval lengths and coverage probabilities were used for comparison. The

following conclusions have been drawn.

i. The study successfully constructed Bayesian credible intervals using gamma-
distributed informative prior and 1/af and 1/o. non-informative priors.

ii. The Bayesian methods with gamma-distributed informative and 1/af priors yielded
more precise interval estimates than the Wald approach. However, the method with
1/a. joint prior yielded unreasonably wider intervals, performing poorly compared to
Wald interval estimates.

iii. The study considered the three priors and addressed four prediction issues, including
determining the probability of achieving a specified failure intensity atatime t,t > T,
determining the time =" required to achieve the specified failure intensity if it was not
attained at T = 100h, determining the probability of at most k failures in the future
time period (T, 7), and obtaining the Bayesian UPL. The study developed methods for
addressing these software reliability problems and successfully illustrated them using
secondary software failure data.

5.2 Recommendations

This thesis has considered Bayesian interval estimation and predictive analysis on the
Delayed S-shaped software reliability model. The developed methods can be used in software
quality assessment to predict software reliability and the optimal time to terminate the testing
process. Future researchers can extend the developed procedures to other NHPP models, such
as the Cox-Lewis process, the Yamada imperfect debugging model, and the extended Delayed
S-shaped model that captures imperfect debugging. Moreover, the study has derived posterior

and predictive distributions for one-sample software on the Delayed S-shaped model to address
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four prediction issues that may be of interest during software testing. However, two-sample

prediction on the model may be explored using the procedures in the study by Yu et al. (2007).
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Appendix C: Key R-codes

The following R-codes were used in data simulation and computation of the results.

Wald confidence and Bayesian credible intervals
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Simulation of inter-failure times data
T0=100; Alpha=20; Beta=0.05; lambda0=0.4
Lambda=function(z) {Alpha*(Beta"2)*z*exp(-Beta*z)}
Simm=function(Alpha,Beta,lambda0,T0){
t=0; 1=0;
S=c()
while(t<TO){
U=runif(1)
t=t-log(U)/lambda0
V2=runif(1)
if(V2<=Lambda(t)/lambda0){
I=1+1
S[1]=t}else{l=I}
}

return(S)
}

Wald confidence interval

LoglikN2=function(par){
alpha=par[1]
beta=par[2]

#data=S

Vall=-((n*log(alpha))+(2*n*log(beta))+sum(log(S))-(beta*(sum(S)))-alpha*(1-

(1+beta*T0)*exp(-beta*T0)))

#return(Vall)
}
parN=c(18,0.03)
mleN1=nIlm(LoglikN2,parN,hessian = TRUE)
mleN1

HTM=solve(mleN1$hessian)
HTM
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NWald=function(Alphahat,Betahat){
SigAlp=sqrt(HTM[1,1])
SigBet=sqrt(HTM[2,2])
LowerAlp=Alphahat-(qnorm(.975))*SigAlp
UpperAlp=Alphahat+(gnorm(.975))*SigAlp
LowerBet=Betahat-(qnorm(.975))*SigBet
UpperBet=Betahat+(gnorm(.975))*SigBet
ClAlp=c(LowerAlp,UpperAlp)
ClIBet=c(LowerBet,UpperBet)
return(list(Cl1Alp=CIAlp,CIBet=CIBet))

}
CIAB=NWald(mleN1$estimate[1],mleN1$estimate[2])

CIAB
Intla = diff(CIAB$CIAIp)
Intlb = diff(CIABS$CIBet).

Bayesian credible interval using informative prior

BEUT=function(beta,data,alpha,c,d,T0){
data=S
n=length(S)
V=2*n+c-1
R=d+sum(S)
KK=(1+beta*T0)
NDC= exp(alpha*(KK*exp(-beta*T0)))
P1=(betaV)*NDC
P2=exp(-beta*R)
M=P1*P2
return(M)
}

##H#MH

MetroH=function(stat,data,k,m,c,d,theta,L){
#stat=c(18,0.03)
data=S
n=length(S)
##Storage
beta=rep(NA,L)
alpha=rep(NA,L)
coun=0
###nitialize
alpha[1]=stat[1]
beta[1]=stat[2]
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for(iin 2:L){
A=n+k
B=(m+1-(1+beta[i-1]*T0)*exp(-beta[i-1]*T0))
alpha[i]=rgamma(1,A,B)

BetaProp=rnorm(1,beta[i-1],theta)

R=(BeUT(BetaProp,data,alpha[i],c,d,T0))/(BeUT (beta[i-
1],data,alphali],c,d,T0))

##CF=(dnorm(Beta[i-1],BetaProp,theta))/(dnorm(BetaProp,Beta[i-1],theta))

MR=R#*CF

u=runif(1)

if (U<MR & lis.na(MR)){beta[i]=BetaProp; coun=coun+1} else {beta[i]=beta]i-
11}

}
Acc=coun/L*100

return(list(alpha=alpha,beta=beta,Acc=Acc))
}

The following codes were used for repeated sampling:

G=5000

i=0;j=0

ns=c()

intLa=c()

intLb=c()

intlA=c()

intIB=c()

ahat=c()
BB=matrix(rep(NA,11*G),ncol = 11)
DD=matrix(rep(NA,11*G),ncol = 11)
CC=matrix(rep(NA,11*G),ncol = 11)

for(k in 1:G){

t=0; 1=0;

S=c()

while(t<T1){
U=runif(1)
t=t-log(U)/lambda0
V2=runif(1)
if(V2<=Lambda(t)/lambda0){
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I=1+1
S[1]=t}else{l=I}
}
S
n=length(S)
Loglikl=function(par){
alpha=par[1]
beta=par[2]
Vall=-n*log(alpha)-(2*n*log(beta))-sum(log(S))+(beta*(sum(S)))+alpha*(1-
(1+beta*T1)*exp(-beta*T1))
return(Vall)
}
par0=c(18,0.03)
mle=nim(Loglik1,par0,hessian=TRUE)

mle

ns[k]=length(S)

parest=mle$estimate

ahat=parest[1]

A=solve(mle$hessian)
aint=c(parest[1]-1.96*sqrt(A[1,1]),parest[1]+1.96*sqrt(A[1,1]))
bint=c(parest[2]-1.96*sqrt(A[2,2]),parest[2]+1.96*sqrt(A[2,2]))
intLa[k]=diff(aint)

intLb[K]=diff(bint)

if(aint[1]<Alpha && aint[2]>Alpha){i=i+1} else{i=i}
if(bint[1]<Beta && bint[2]>Beta){j=j+1} else{j=j}
n=length(S)

BB[k,1]=n
BM=MetroH(stat=c(18,0.03),S,2,0.005,2,0.005,0.05,5000)
estB=c(mean(BM$alpha),mean(BM$beta))

Alphat2=estB[1]

Bethat2=estB[2]

ClAlp2=quantile(BM$alpha,c(.025,.975))
ClBet2=quantile(BM$beta,c(.025,.975))
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BBJ[k,2]=Alphat2

BB[k,3:4]=ClAlp2

BBIk,5]=diff(CIAIp2)

if(ClAIp2[1]<Alpha && ClAIp2[2]>Alpha){BB[k,6]=1}
else{BB[k,6]=0}

BBJ[k,7]=Bethat2

BBJk,8:9]=ClIBet2

BBJk,10]=diff(ClIBet2)

if(CIBet2[1]<Beta && ClBet2[2]>Beta){BB[k,11]=1}
else{BB[k,11]=0}

DD[k,1]=n
BMN=MetroH2(stat=c(18,0.03),S,0.05,5000)
estNB=c(mean(BMN$alpha),mean(BMN$beta))
AlphatN=estNB[1]

BethatN=estNB|[2]
ClAIpN=quantile(BMN$alpha,c(.025,.975))
ClIBetN=quantile(BMN$beta,c(.025,.975))
DDIk,2]=AlphatN

DD[k,3:4]=CIAIpN

DD[k,5]=diff(CIAIpN)

if(CIAIpN[1]<Alpha && CIAIpN[2]>Alpha){DD[k,6]=1}
else{DDI[k,6]=0}

DD[k,7]=BethatN

DD[k,8:9]=CIBetN

DD[k,10]=diff(CIBetN)

if(CIBetN[1]<Beta && CIBetN[2]>Beta){DD[k,11]=1}
else{DD[k,11]=0}

CCIk,1]=n
BMN1=MetroH3(stat=c(18,0.03),S,0.05,5000)
estNB1=c(mean(BMNZ1$alpha),mean(BMN1$beta))
AlphatN1=estNB1[1]

BethatN1=estNB1[2]
ClAlpN1=quantile(BMN1$alpha,c(.025,.975))
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ClIBetN1=quantile(BMN1$beta,c(.025,.975))
CCJk,2]=AlphatN1
CC[k,3:4]=ClAlpN1
CC[k,5]=diff(CIAIpN1)
if(CIAIpN1[1]<Alpha && CIAIpN1[2]>Alpha){CC[k,6]=1}
else{CC[k,6]=0}
CC[k,7]=BethatN1
CC[k,8:9]=CIBetN1
CCJk,10]=diff(CIBetN1)
if(CIBetN1[1]<Beta && CIBetN1[2]>Beta){CC[k,11]=1}
else{CCJ[k,11]=0}
}
#Wald coverage probability
c(i/G,j/G)
#CP for informative prior
CPAIlp=sum(BB1$ INC alpha’)/G
CPBet=sum(BB1$ INC Beta)/G
CP=c(CPAIp,CPBet)
CP
#CP for 1/ap
CPAIpl=sum(DD1$ INC alpha’)/G
CPBetl=sum(DD1$ INC Beta’)/G
CP1=c(CPAIpl,CPBetl)
CP1
#CP for 1/«
CPAIp2=sum(CC1$ INC alpha’)/G
CPBet2=sum(CC1$ INC Beta’)/G
CP2=c(CPAIp2,CPBet2)
CP2

Single sample Bayesian prediction using non-informative prior
Proposition |

I When £ is known, the following program was used:
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Prob = function(lamtv, tau){
d = ((1-(1+beta*TO)*exp(-beta*T0))*lamtv)/((beta2)*tau*exp(-beta*tau))
h =0:(n-1)
t = (d™h)/factorial(h)
Z = t*exp(-d)
ZN =sum(Z)
Y =1-ZN
for(h in 0:(n-1)){
return(Y)

}

}
Prob(0.02, 500)

ii. When g is unknown, the following program was used:

st = sum(Data$Failure. Time) ## sum of ti’s
gl = function(b){
(b™N(2*n-1))*exp(-b*st)/((1-(1+b*T0)*exp(-b*T0))" n)
¥
g2 = function (b, h){
bl = ((1-(1+b*TO)*exp(-b*T0))*lamtv)/((b"2)*tao*exp(-b*tau))
b2 = (1-(1+b*T0))*exp(-b*TO)
((b1~h)/factorial(h))*exp(-b1)*gl(b)
¥
H=0:(n-1)
lamtv = 0.02
tao = 130
vecl = rep(0,n)
for(j in 1:n){
h =H[j]
G = 1000
vec2 =rep(0,G)
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}

Vv

ec3 =rep(0,G)

for(i in 1.G){

}

br = rgamma(l, 2*n,st)
vec2[i] = g1(br)
vec3[i] = g2(br,h)

vecl[j] = sum(vec3)/sum(vec2)

1-sum(vecl)

Proposition 11

When g is known, the following program was used:;

library(LambertW)

lamtv = 0.02
Chi=qchisq(0.10,df=2*n)

X = (1-(1+beta*TO)*exp(-beta*T0))
y = (-2*lamtv*X)/(beta*Chi)

GB = lambertWn(y)

TaoN = (-1/beta)*GB

Taostar = TaoN-TO

Taostar

Proposition 111

When g is known, the following program was used:;

tau = 130
DG = (((1-(1+beta*TO)*exp(-beta*T0))/((beta*TO*exp(-beta*TO) + exp(-
beta*T0)) - (beta*tau*exp(-beta*tau) + exp(-beta*tau))))”™n)
DG
PAT <- function(j) {
NUM <- (factorial(j-1)/((factorial(n-1))*(factorial(j-n))))*(((beta* TO*exp(-
beta*TO) + exp(-beta*T0)) - (beta*tau*exp(-beta*tau) + exp(-beta*tau)))”j)
DEN <- (1 - (1 + beta*tau)*exp(-beta*tau))”j
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resultnl <- NUM/DEN

return(resultnl)

¥

K_range <- 0:25
# Vector to store results
resultsn <- numeric(length(K_range))
for (i in 1:length(K_range)) {
current_K <- K_range[i]
total sum<-0
for (j in n:(n + current_K)) {
PAT1 <- PAT(j)
total_sum <- total _sum + PAT1

}

resultsn[i] <- total_sum

ky

resultsn
Prob = DG*resultsn

Prob

When g is unknown:

V = function(b) {(b"(2*n-1))*exp(-b*sum(Data$Failure. Time))/((1-
(1+b*TO)*exp(-b*T0)) n)}

¢ = integrate(V,0,Inf)

c$value

integrand <- function(b, j) {

sum_term <- sum(Data$Failure.Time)

g1 <- (((b*TO*exp(-b*T0)) + exp(-b*T0))-((b*tau*exp(-b*tau))+exp(-
b*tau)))"(j-n)

92 <- ((1 - (1 + (b*tau))*exp(-b*tau)) " (j))

g3 <- ((b™(2*n-1))*exp(-b*sum_term))

result <- (gamma(j)/(gamma(j - n + 1)*gamma(n)))*g1*(1/g2)*g3

return(result)

¥

# Range for k
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M <-0:25
# Vector to store results
resultsl <- numeric(length(M))
# Loop over each m and calculate the expression
for (i in 1:length(M)) {
m <- M[i]
total sum <-0

for (j inn:(n +m)) {
betint <- integrate(integrand, lower = 0, upper = Inf, j = j)$value
total_sum <- total_sum + betint

¥

results1[i] <- (1/c$value)*total_sum

ky

resultsl
Proposition 1V

I When g is known, the following program was used;

tau = 700
Chi=qchisq(0.10,df=2*n)

X = (1-(1+beta*TO)*exp(-beta*T0))

UPL = (beta"2)*(tau*exp(-beta*tau))*Chi/(2*X)
UPL
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