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PREFACE

Fluid mechanics 1is not a subject to be studied for
theoretical purposes only but its of much use in engineering and
technology.

Chapter one is introduction to the various specialized
vocabulary of fluid mechanics. This helps the reader to become
aware of the various applications of fluid mechanics in order to
familiarize himself to the following chapters.

Chapter two gives an account of the work which has been
done by several researchers on natural convection boundary layer
flows.

In chapter three two basic concepts of heat and heat
transfer, have been given. Importance of heat transfer, modes
of heat transfer and material properties of importance in heat
transfer have also been given. Simplified form of the Navier-
stokes equation have been presented. With special attention on
natural convection heat transfer,we have come up with the exact
and approximate methods of a flat plate at zero incidence.

Chapter four contains a research paper which is my original
work on free convective flow through porous medium. Analytical
expressions for the velocity and the temperature fields have been
given. The effects of Grashof number (G.) and the permeability

parameter (K) on the velocity field have been shown graphically.
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CHAPTER ONE

1.0 INTRODUCTION:

1.1 PFluid:

Most materials are classified into solids, liquids and

ases. The properties of each group varying from those of the

Wl

other though some possess dual properties.

A solid has definite shape and liquids maintain a fixed
volume. Liquids and gases take the shape of the container in
which they are put but liquids do not change with the size of the
container. Volume of gases change with pressure or temperature
changes and are compressible but liquids are incompressible and
their volume does not change with pressure or temperature
change.Materials undergo deformation but the magnitude of
deformation varies. Fluids are highly deformed even with small
external shear forces but solids are slightly deformed even for
large external shear forces.

Then a fluid can be defined as a substance that deforms
continuously under the application of a shear stress no matter
how small the shear stress may be. A fluid cannot sustain a shear
stress when at rest because the fluid motion continues under the
application of a shear stress.

Fluids are made up of liquids and gases. A fixed amount of
liquid has a definite volume which varies slightly with
temperature and pressure. If the containing vessel has a greater

capacity than this volume, the liquid occupies only part of this



container and forms an interface separating it from its own
vapour, the atmosphere and other gases present. For a fixed
amount of gas in a closed container, it expands until its volume
equals that of the container. Under normal conditions, liquids
are incompressible but gases can be compressed readily.When a gas
undergoes a negligible change of volume, its behaviour is similar
to that of a liquid and incompressible. When there is a big
change in volume, the compressibility of the gas is considered
when examining its behaviour.

A fluid can be treated as a continuum, that is, a continuous
distribution of matter with no empty space. We shall deal mainly
with the smallest volume of fluid where macroscopic properties
like density,pressure and temperature have their usual meaning
and motion of the fluid in contact with the solid surface is

similar to that of the surface.

1.2 Fluid properties:

Real fluids possess some properties which are important in
science. For real fluids in motion viscosity is very important.
For fluids at rest, compressibility, wvapour pressure, fluid
density ,capillarity and surface tension are of great importance.

In this project we shall deal mainly with thermal properties
which compose of gas constant,enthalpy and entropy for gases. For
both liquids and gases we have conductivity, internal energy and
specific heat capacities. Other fluid properties arise from the
above properties 1like fluid viscosity and thermal diffusivity

arise from thermal conductivity and density.Kinematic viscosity



involves thermal diffusivity
1.2.1 Viscosity

From above discussion, a fluid was defined as a substance
that deforms continuously under the action of a shear stress.
With no shear stress, there is no deformation. Fluids can be
classified according to the relation between the applied shear
stress and the rate of deformation. Viscosity is a property of
a fluid that determines the amount of this resistance.For
mathematical understanding we consider a fluid confined between
two parallel plates where one is at rest and the other moving

with a constant velocity parallel to itself as shown in the

figure below.

upper plate moving at velocity u

™
u +éu
Y
u
"
V. //// e
5%$ Lower plate stationary

9 .
Fig 1

If the pressure remains constant, then the fluid adheres to
both walls so that velocity at the lower plate is zero and at the
upper plate is equal to the velocity of the plate, u.

Rate of change of velocity =(u+éu)-u /8y



=éu/Ssy =du/dy
If the velocity distribution in the fluid between the plates is
linear, and if the shearing stress is assumed to be Proportional
to the rate of velocity, then

T a du/dy

where T = unit shearing stress

" proportionality constant
du/dy =velocity gradient
T depends on the nature of the fluid, it is small for fluids like
water or alcohol but large for very viscous fluids like oil or
glycerine.
¢ mainly depends on the temperature of the fluid and is called
viscosity.
Equation (1) gives the Newton's law of friction and can be
rearranged as
p = T/ (du/dy)
To get the dimensions of viscosity, w = N/m*/(m/s)/m = Ns/(m?)
For fluid motions in which frictional and inertia forces
interact, we have kinematic viscosity which is given by the ratio
of viscosity p to density_P and denoted by the greek letter N
that is,
N=u /p
Its international system is given by
! =p/p =Ns/m?/kg/m> =m’/s
Kinematics viscosity N for 1liquids has the same type of
temperature dependence as i because density\F’changes slightly

with temperature. For gases, f decreases with increasing



temperature and V increases rapidly with temperature.

1.3 Types of fluids

An ideal fluid is one which is incompressible and has zero
viscosit?. With zero viscosity, the fluid offers no resistance
to shearing forces, then during flow and deformation of the fluid
all shear forces are zero. Real fluids have finite viscosity and
so for deformation of the fluid we consider viscosity and
shearing stresses. Non-viscous fluids have zero viscosity and may
or may not be incompressible. Flow of a real fluid is called
viscous flow.

Real fluids are subdivided into Newtonian and non-Newtonian
fluids. Water, air and gasoline are Newtonian fluids. A graph
relating shear stress T and shear rate du/dy is a straight line
passing through the origin and the gradient gives the viscosity
L. Hence, Newtonian fluids are fluids in which shear stress is
directly proportional to rate of deformation.

All other fluids in which shear stress is not directly
proportional to deformation rate like toothpaste and paint are
called non-Newtonian fluids.

Pseudoelastic fluids are fluids whose viscosity decreases
with increasing rate of shear but the material deforms as soon
as a shearing stress is applied, examples are polystyrene in
organic solvents and metallic socaps in gasoline.

Dilatant fluids are those in which viscosity increases with
the rate of shear, examples are butter and starch suspensions.

Bingham fluids are fluids which behave like solids until a

minimum yield stress is exceeded and have a linear relation



T

shearing stress,

between shear stress and rate of deformation, examples are oil
paints and clay suspension.

Figure 2 below is a graph of the relationship between
shear stress,T,and shear rate du/dy for Newtonian and non-
Newtonian fluids.

f~Elastic fliuds

Ideal fluid

!

Shear rate,du/dy

v

Fig 2: Flow curves for viscous behaviour in Newtonian and non-
Newtonian fluids
1.4 Definition of fluid mechanics

Fluid mechanics deals with the behaviour of fluids at rest and

in motion. The science of fluid mechanics is concerned with the



motion of fluids and conditions affecting that motion.

Fluid kinematics is a branch of fluid mechanics dealing with
the forces involved. It involves quantities 1like velocity,
accerelation and rate of discharge. Fluid dynamics is a branch
of fluid mechanics which deal with the forces acting on the
fluids. It involves the application of Newton's second law of
motion to the moving mass of fluid where forces like pressure,
shear, gravity and inertia are involved.

Heat transfer and mass transfer occur in the fluid due to
temperature and concentration difference.Rate of heat transfer

is determined from the mechanics of fluid flow.

1.4.1 History of fluid mechanics before and in the 20"

century

Flow of water in pipes and channels have been there for a
long time. Hydraulics of both pipes and open channels for water
supply was extensively used by the Romans although they were not
aware of the laws associated with the resistance of pipes and
channels to the flow of ligquids.

Archimedes in 220 B.C used the bouyancy force to determine
the gold content in the crown of king Hiero 11. In 1880 Reynolds
introduced the concept of virtual turbulent stresses which was
not sufficient to make theoretical analysis of turbulent flows.
Osborne Reynolds came up with a series of papers describing the
circumstances which determine whether the motion of water is
direct or not and the law of resistance in parallel channels in

1883. Newton in the 17" century came up with his law of motion



mich was extensively used in the recognition of the nature of
resistance of fluid flow and developed his own law of viscosity
relating the shear force or stress to viscosity and relative
motion of one layer of fluid adjacent to another layer. Venturi
in the 18" and 19" centuries studied flow of fluids through
conical reducing tubes and through expanding tubes for the
purpose of reducing the turbulence and energy loses caused by the
velocity changes in the flow. Navier-Stokes equations describing
the motion of a viscous fluid were developed by Navier in 1827
and stokes independently in 1845. Mathematical difficulties
involved in these equations could not allow theoretical treatment
of viscous flows. Prandtl came up with the boundary layer theory
which provided the link that had been missing between theory and
practice in the present century. The science of fluid mechanics
started to develop into two groups by the end of the LGt
century. From Euler's equations of motion for a frictionless,
non-viscous fluid,hydrodynamics came up which was of little
practical importance. Hydraulics which to a large extent depended
on experimental data differed greatly in its methods from
hydrodynamics.

Prandtl in the present century tried to unite these two
groups by coming up with the boundary layer theory in 1904. It
was very important in the aerofoil theory and the science of gas
dynamics together with the newly founded science of aerodynamics
in 1935.

In 1921,Taylor brought the idea that the velocity of a fluid
in turbulent motion was a random continuous function of position

and time.Archimedes principle is of technical use in the design



of displacement vessels, floatation gear and bathyscaphes. In 1935
Ludwig Prandtl introduced the mixing length theory which is of
much use in turbulent flow problems.

In the 20% century, the field of research in fluid
mechanics increased by experimental studies of boundary layer
flow, heat transfer to and from flowing fluids and plasma

multiphase flows.

1:4:2 Application of fluid mechanics

Fluid mechanics is not a subject to be studied only for
academic interest, it is of much use both in our every day
experiences and in all engineering and applied scientific
studies. Flow of fluids in pipes and channels makes fluid
mechanics of importance to civil engineers. Study of fluid
machinery such as pumps, compressors, heat exchangers, jet and
rocket engines make fluid mechanics of importance to mechanical

engineers.

Aerodynamics is of much use to aeronautical and space
engineers in the design of aircraft,missiles and rockets. Study
of fluids in meteorology, hydrology and oceanography is important
since the atmosphere and ocean are fluids. In modern engineering,
fluid mechanics and electromagnetic theory are studied together
as magnetohydrodynamics.

Design of transportation means requires application of the
principles of fluid mechanics. Examples are aircraft for both
subsonic and supersonic flight, ground effect machines, surface

ships, submarines and automobiles.



Heating and ventilating systems for private homes, large
office buildings and underground tunnels and the design of
pipelines systems also require the knowledge of fluid mechanics.

Circulatory system of the body is a fluid system and so
physiologists require basic principles of fluid mechanics in the
design of artificial hearts, heart-lung machines and breathing

aids.
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1.5 The boundary layer.

1.5.1 The boundary layer concept:

Prandtl analyzed viscous flows by dividing the flow into two
regions.One is a thin layer in the immediate neighbourhood of the
solid wall where the influence of viscosity at high Reynolds
number is confined called the boundary layer. The other region
is that covering the rest of the flow region where the effect of
viscosity is negligible and the fluid is treated as inviscid. In
the boundary layer the velocity of the fluid increases from zero
at the wall ( no slip ) to its full value. If we consider a

uniform flow of compressible fluid flow with velocity U and U, as

its free stream velocity.

Us

-
-
-

- - - = =3 8 (x) |

= |

sl ERT L A >{Transitionk——Turbulent
Zone

Fig 3: Sketch of boundary layer on a flat plate in parallel

flow at zero incidence.

151,



Even with very small viscosities (large Reynolds numbers) the
frictional shearing stresses T=u §u/8y in the boundary layer are
considerable due to the large velocity gradient across the flow,
outside the boundary layer they are very small. This shows that
the field of flow of fluids with small viscosities can be divided
into two regions. One is the thin boundary near the wall in which
friction is considerable and the second is the region outside the
boundary layer where friction forces can be neglected. This
division simplifies the mathematical theory of the motion of
fluids of low viscosity.

Flow in a boundary layer may be laminar or turbulent. There
is no unique value of the Reynolds number at which transition
from laminar to turbulent flow occurs in a boundary layer.
Factors that affect the boundary layer transition are pressure
gradient, surface roughness, heat transfer, body forces and
freestream disturbances. As shown in figure 3 above, the boundary
layer is laminar for a short distance downstream from the leading
edge, transition occurs over a region of the plate rather than
at a single line across the plate. The transition region extends
downstream to the location where the boundary layer flow becomes
completely turbulent. From the figure, we can see that the

turbulent boundary layer grows at faster rate than the laminar

layer.

1:5.2 Boundary layer thickness

The boundary layer thickness, 6(x), is the distance from the

surface to the point where the velocity is within one percent of

12



the free-stream velocity. In front of the leading edge of the
plate the velocity distribution is uniform. With increasing
distance from the leading edge in the downstream direction the
thickness, 6§(x) of the retarded layer increases continuously as
increasing quantities of fluid become affected. The thickness of
the boundary layer decreases with decreasing viscosity. In a few
cases the boundary layer thickness increases considerably in the
downstream direction and the flow in the boundary layer is
reversed.

In summary ,the introduction of the boundary layer concept
marked the beginning of the modern era of fluid mechanics. It is
the foundation of our knowledge of the flow of fluids with small
viscosities in technological fields especially in engineering.
The boundary layer theory is of much use in aerodynamics by the

study of its flow and the general effects on the flow around the

body.
1.6 Some important dimensionless parameters.

The following are some independent dimensionless quantities
which will be of much use in heat transfer equations:

(1) Reynolds number is the ratio of inertia to viscous force
denoted by R,
R, = UD/V
where U is the characteristic velocity and D is the
characteristic dimension.

(2) Kinematic viscosity, V = p{P

where u is the viscosity and P is the density of the fluid

13



(3) Grashof number is a measure of the relative importance
of bouyancy forces and viscous forces
G, = gBL® (aT)A°

=( bouyancy forces ) ( inertia forces)/(viscous forces )

where (AaT) is the temperature difference

(4) Thermal diffusivity ;a
o= K 4PCW

where Cp, is the specific heat capacity at constant pressure

(5) Prandtl number is the ratio of kinematic viscosity to
thermal diffusivity

P. = V/a =puCu/k =N/k/pC,.

It is an important measure of relative importance of viscosity
and heat conduction. P. depends only on the properties of the
medium.

(6) Eckert number, E_ is the ratio of kinematic energy to

c

thermal energy

E, = UZ/CP.(AT)
(7) Nusselt number ,N, is the ratio of thermal resistance to
the convective thermal resistance of the fluid defined as
N, = hIL/K

Where h is the convective heat transfer coefficient and L is the

representative length.
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CHAPTER TWO
2.0 LITERATURE REVIEW

The following is an account of several investigations of
heat transfer in natural convection which has been carried out
in the };;ast .

Schmidt and Beckmann [1930] wrote a theoretical report
concerning the experimentally determined temperature and velocity
field in natural convection on a vertical plate. Pohlhausen
extended the problem by introducing the stream function putting
W = 6§V /6y" and v’ = - §y/6x, then the partial differential

equation for -y can be reduced to an ordinary differential

equation by a similarity transformation.

o Y = 3/4 N
W= c s = 4 Yo § ()
= e
(T, = T)
where ¢ =
4 Ve,

The temperature distribution is determined by the function

T(C ). Using the similarity transformation of various values of
the prandtl number, a comparison between the calculated velocity
and temperature distribution and those measured by Schmidt and
Beckmann [1930] is seen to be in good agreement. Pohlhausen's
calculations were extended by Schuh [1946] to the case of large
pPrandtl numbers like those ones in oils.

Sparrow and Gregg [1959] carried out investigations for the
case of very small prandtl numbers and the limiting cases when
P. -> 0 and P, ->% were examined by Lefevre [1956], Sparrow and
Gregg [1956], Vlient [1969] and Vlient and Liv [1956]. On their

study of natural convection flow along a vertical heated porous

15



plate, Saljinikov et al [1988] presented equations for laminar
incompressible boundary layers with the case of generalized
similarity principles, investigated the characteristic thickness
and plotted potentials along the wall leading to heat flow, where
the effects of temperature along the wall has also been
considered.

Ishihera and Kaksuta [1989] did experiments on water at wide
range of Reynolds and Prandtl numbers for laminar and combined
convection between vertical parallel plates with uniform surface
heat flux. They explained experimentally and numerically.
Numerical solutions were presented for P. = 7.64 (water) and P,
= 0.005 (liquid sodium) for various numerical combinations of G,
and R, numbers.

Crane [1970] studied the fluid flow and heat transfer flow
field due to a stretching boundary and found a closed form
solution of Navier-stoke's equation. Crane also got a closed form
solution for temperature distribution at P= 1.

Kato et al [1985] studied free convection heat transfer from
a vertical plate of length L and thickness d and analyzed the
problem numerically using finite difference method. Their
equation closely approximates the results of average Nusselt
number on a thin vertical plate.

The solution of the equation for the free convection
boundary layer flow on a vertical flat plate with a prescribed
power-law heating has been studied for small values of Prandtl
number by Merkin [1989]. In his study, he showed that the
boundary layer divides up into two regions. The plate temperature

is determined by matching the two regions. A similar study was

16



done by Rai et al [1991] who carried out a study on the free
convection flow of an incompressible viscous fluid past an
infinite vertical plate for impulsive as well as uniformly
accelerated motion of the plate when the plate's temperature
varies as the square root of the time. To obtain the expressions
for the velocity and skin friction, the Laplace technique was
applied. They also discussed the various parameters which have
an influence 1in the problem on velocity field and skin
friction. Eckert and Jackson [1951] performed a comparison
between theoretical results on free convection with measurements
on heated vertical cylinders and flat plates.

Yang [1960] discussed solutions in natural flows on the
effect of suction or blowing on the rate of heat transfer from
a vertical plate in natural convection. Temperature distributions
on the surface of the plate of the form T - T, = T,x" produced
similar solutions with a differential equation whose solutions
were found by Sparrow and Gregg [1958].

Reibe and King [1991] carried out studies on laminar natural
convection heat transfer from inclined surfaces. Zeglimati et
al [1991] similarly carried out an extensive investigation on the
transient laminar free convection over an inclined wet flat plate
and their results.

Chen et al [1986] performed an analysis of flow and heat
transfer characteristics of laminar free convection in boundary
layer flows from horizontal, inclined and vertical plates in
which the wall temperature T: (x*) varies as the power of the
axial coordinates of the form

* *

™ (x') = T + ax™"

W L]
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The governing equations are converted into a dimensionless form
by a non similar transformation and the resulting equations are
solved by a finite difference method. Numerical results for
fluids with Prandtl numbers of 7.00 and 0.7 have been presented
for three respective exponent values under each of the non-
uniform surface heating conditions.

Blasius [1908] obtained the solution for the laminar
boundary layer on a flat plate. Blasius considered velocity
profile u/U similar for all values of x plotted versus a non-
dimensional distance from the wall by introducing the stream
function W and a dimensionless streamfunction. He got a non-
linear third order ordinary differential equation which was
impossible to solve in closed form. Blasius solved this equation
using a series expansion and Howarth [1938] solved this equation
more precisely using numerical methods where numerical values
were given in tabular form and velocity profile was obtained in
dimensionless form by plotting u/U versus Y], whose profiles agree
with the analytical solution.

Raptis and Kafousias [1982] presented an analysis of free
convection and mass transfer flow through a porous medium bounded
by an infinite vertical porous plate with free-stream velocity.
In their study, the porous plate was subjected to a constant
suction, the temperature and species concentration at the plate
were constant and the flow was steady, which was of much use in
geophysics.

Nogotov [1980] gave the basic equations for convective heat
transfer in a theoretical manner together with the methods for

the approximation of the equations and boundary conditions. He

18



also gave an outline of the algorithms for solving the variation
equations in steady and unsteady problems with a brief section
on effects of compressibility with no numerical examples.

Yamatoto and Iwamura [1976] expressed the equations of flow
through a highly porous medium. Raptis et al [1981] using the
above equations studied the influences of the free convective
flow and the mass transfer on the steady flow of viscous fluid
through the porous medium which is bounded by a vertical and
plane surface, when the temperature and the concentration on the
surface are constant. Raptis et al [1982] also studied the
influence of the free convective flow on the steady flow of the
viscous fluid throuéh the porous medium, when there is constant
heat flux on the above mentioned surface. Recently Raptis [1983]
studied the unsteady flow through a porous medium when the
temperature of the surface from which the porous medium is
bounded is not constant.

Elder [1965] did experiments on vertical layers which showed
that boundary layer developed at each surface with fluid movement
upwards at the heated surface and downward at the cooled surface.

Important contributions on free convection heat transfer
have also been done by Weber [1977], Vafai and Tien [1985], Vafai

et al [1980], Ostrach [1974] and Sharawi et al [1987].
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3.0 CHAPTER THREE

3.1 Basic concepts of heat and heat transfer

Heat is the energy transferred from one body to another due
to a temperature difference. The fundamental difference between
heat and temperature is that heat is a form of energy and
temperature is a measure of amount of energy which is present in
a body. Heat transfer has been described as the study of the
rates at which heat is exchanged between heat sources and

receivers when treated independently.

3.2 Importance of heat transfer.

Transfer of energy in the form of heat is encountered in all
phases of engineering work, industries and environment.

For mechanical engineers, the study of heat transfer is
important because of its application in designs of internal
combustion engines, refrigeration and air condition plants, heat
exchangers, coolers, condensers, furnaces and preheaters.

Electrical engineers apply heat transfer in the design of
cooling systems for motors, transformers and generators.

civil engineers use heat transfer in the production of
comfort cooling or comfort heating in the design of building
structures like dams and tunnels.

Chemical engineers use heat transfer in freezing, boiling,

evaporation and condensation processes. It is of much use in
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chemical process industry or petroleum refinery in the production
of work from a combustible fuel or nuclear reaction which is
converted into useful work by means of boilers, turbines,
condensers, air heaters, water preheaters and pumps.

Solutions of the problems of thermal pollution created by
the inevitable discharge of waste heat into the environment need
the applications of the knowledge of heat transfer.

Thermal barrier in aerodynamics involves finding means of
transferring away from the aircraft the enormous amounts of heat

produced by the dissipative effect of the viscosity of the alis

3.3 Modes of heat transfer:

Heat always flow from a higher temperature to a lower
temperature. There are three modes of heat transfer namely
Conduction, convection and radiation.

(i} Conduction:

Conduction is transfer of heat within a body or

between several bodies in physical contact in the

absence of fluid motion. It always require material medium

like solid ,liquid or gas and takes place without changing

the position of its molecules. Then we can define
conduction as heat transfer which 1is the result of

molecular exchange of energy.

{1i) Radiation:
Radiation is the mode of transmission of heat between two

bodies placed at a distance from each other without any
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transmitting medium. Heat transfer takes place due to

radiation of electromagnetic waves which can pass through

even the material substance.The distance between the two
podies is known as radiant medium or transmitter
medium.Heat transfer by radiation between two surfaces
separated by a non-absorbing medium depends on the
temperature of the two bodies,their emmisivities and their
relative positions.

¢11l) Convection:

Convection is the process of transmission of heat from one part

of a fluid to another by actual movement of the ma£ter carrying

heat energy from higher temperature region to the lower

temperature region.

In convection,the motion of the fluid is caused by the
differences in densities resulting from the difference in
temperatures. Therefore, it can only take place in fluids. Hence
convection is the process in which heat is transferred from

solids to liquids or gases when radiation is not considered.
Types of convection.

(1) Natural or free convection:

It is the flow of a fluid over a hot or cold surface taking
place due to difference in densities caused by the temperature
difference. The force which acts on the fluid and causes it o
flow is called the bouyancy force. This force depends upon the
temperature difference of the molecules of the fluid. If the

temperature difference is increased, the flow of heat increases.
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This heat flow also depends upon the heat transfer coefficient.
An example is the flow of heat from the condenser to surroundings

in a domestic refrigerator.

(2) Forced convection:

It is the flow of a fluid over a hot or cold surface under
external pressure. The force which acts on the fluid and causes
it to flow is due to a fan or blower and is independent of the
temperature difference. The heat transfer coefficient in this
case is larger than that of natural convection. This type of heat
transfer is used in all kinds of heat exchangers, furnaces with

artificial draughts and refrigerators.

Summary

Many flows are subject to a combination of natural and
forced convection. Heated jets or diffusion flames caused by
blowing combustible gas from a vertical pipe are controlled by
forced convection in the initial region and by bouyancy forces
far from the jet or pipe exit.

Industrial smoke-stacks usually have a significant imposed
momentum flux to assist the initial rise of the contaminant plume
and the effluent from chemical and power plants usually enters
a river with sufficient momentum to carry it away from the bank
and towards the centre of the stream before bouyancy forces carry
the contaminant to the surface or bottom of the river.

Bouyancy is of great importance in the environment where

differences between land and air temperatures can give rise to

23



complicated flow patterns and in enclosures such as ventilated

and heated rooms or reactor configurations.

3.4 Material properties of importance in heat transfer.

3.4.1 Thermal conductivity
It is the heat conducted in unit time across unit area

through unit thickness when a temperature difference of unity is
maintained between opposite faces. It is a property of a material
which varies with the temperature, that is

q/A a §T"/én or

q/ A = k6T"/én
where K is the thermal conductivity and n is the direction under

consideration.

3.4.2 Specific heat

It is the heat necessary to raise the temperature of a unit
weight of a substance through 1% ¢ . Most heat transfer processes
occur at constant pressure and so the specific heat at constant
pressure Cp* is very important. Temperature dependence of the
specific heat in gases 1is more pronounced than in solids and

liquids.

3.4.3 Thermal diffusivity ja
It characterises the rate of change in temperature in
transient heat transfer process. The higher the rate of

temperature propagation the higher the thermal diffusivity of a
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substance defined as

a=WP%.

3.4.4 Coefficient of thermal expansion ;8

The driving force in free convection is that of gravity
acting on fluid regions of differing density. These density
differences exist because of differential thermal expansion
resulting from temperature differences in the fluid field. The
physical property of the fluid of significance in this process
is the coefficient of thermal expansion.

B

1/v (6v/6t)p

-1/p(8p/8%),

3.5 The thermal boundary layer:

If a solid body is placed in a fluid stream which is heated
so that its temperature is above that of the surroundings, then
the temperature of the stream will increase only over a thin
layer in the neighbourhood of the body. This thin layer in the
neighbourhood of the body is called the thermal boundary layer.

If we consider flow over an isothermal flat plate.
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Fig 4: Thermal boundary layer on a flat horizontal plate

The fluid particles that come in contact with the plate achieve
thermal equilibrium at the plate's surface temperature. These
particles exchange energy with those in the adjoining fluid layer
and a temperature gradient sets up in the fluid.The region of the
fluid in which these temperature gradients exist is called the
thermal boundary layer. The thickness of the boundary is denoted
by §é,. which is different from the velocity boundary layer
thickness §. As the distance from the leading edge increases, the

heat transfer effects increases 1into the free stream and the

thermal boundary layer becomes thicker.

3.6 The Navier-sStoke's equations

The three dimensional simplified Navier-stoke's equations

for incompressible fluids where density and viscosity are

constant are as follows:
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I sp’ sfur st sAy” (3.1)
P( o . G, FET iy — o P - ol (R —_—*—+"—* ) nms i wsv i .

st §x” sy §z" §x Sx2 Sy*? gz™

SV"' 6V-l= > 6V* Gv* 6p* ‘SZV* szv* 62V*) \ ,
f)( — +u" ol | + — )=f;—*+u( -4 -—*2+ St ey (3.2)

6 &X' sy’ sz Yoy §x2 sy 6z

Sw' 6wt swt st §p* §2y &2y 62"

P( '-"*+l‘1*'—-+_v*— +w- —):f*' ""'*+,U. = e _ + .-.....; )...( 3. 3)
st 61{* ) = 6y* 52* Z Sz 6)(*2 6y'2 8§z 2 :

The continuity equation

* *

su” sv Sw
- — 4+ -— S0 000 reisien s e e R (3.4)

* * *

éx 8y 6z

The energy equation with constant thermal conductivity, k are:

, DT” &2p* sop* ser*
_?C —= k - + - = ! T R ewew (3:5)
. Dt §x"2 6y2 sz2"2
where
su”, sv Sw sv* su sw' sv"
P=21(=)+ (=) += )+ ( —  + — )% 4 ke R
§x sy sz 6% &y Sy §z
su” sw" 2 su” A Sw
(== #== )8 e — [ == 4 — 4 )
§z" §x" 3 §x" sy” §z"

where all the terms have their usual mathematical meanings [for

derivation refer to schlichting "Boundary layer theory", 1960].
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3.7 Important Characteristics for temperature and velocity

fields in free convection problems.

Experiments and analysis have shown that the thermal and
viscous effects are concentrated in relatively thin layer
adjacent to the solid surface and derivatives in the direction
perpendicular to the solid surface are bigger than those in the
flow directions. The density variation is taken into account only
in the term that causes free convection currents and relatively
small in other places and so can be neglected in the continuity
equation.

In free convection, we assume that the flow is steady, low
speed, density is negligible and the flow is of the thin boundary

layer type. This help us to modify the Navier-stokes equations

given above.

3.8 Thermal boundary layer equations

We concentrate on the free convection hydrodynamics and
thermal boundary layer type flows in a vertical plate. The two

dimensional continuity equation is given by

&x 5§x" 3%

su §v
— = = semsessemen (3.8)
§x 8y
momentum eguation is
Y su’ sp” §2u”
f(u - =] = Fa = -——+u(——-:2)....(3.7)
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where the right hand side of this equation represent the sum of
all the forces on the control volume in the x"- direction and E
is the body force per unit volume along the x"- direction.

Energy equation for two dimensional steady flow is given by

. ST . §T" s2T"
Peu(u — +V — ) = k=— ... (3.8)
5% §y Sa e

Considering a flow volume in the x'-direction,the forces involved
are shear forces, pressure forces and attraction of the mass
contained in the control volume as shown below.

sp”

(p" + — dx))dy
§x

b4 4

*

) 8T
Tdax™ | |[ax” T(‘I + = dy” ax’
sy

dy

I [ pay”

v P9 axay’

Fig 5:

Summing the forces in the x"-direction, we have

- = x* 6p* * * 6T *
ZF. = pay =~ (p + — dx)dy + - ~ oy ) dx”
Y4 sy

- Pgdx'dy - Tdx
sp §T

=(-—, + — -f9) axdy’ ...cioieiiinnn (3.9)
&X &y

29



The two-dimensional boundary layer flow for laminar flow is

su”
T = w -
sy"
substituting in equation (3.9), we get
su’
& §( K A
sp sy " .
BF =( = ~—— + =———— =fg) ax ay
§x Sy
sp s2u” L.
= o %= ~ Pg) axay’  csusvpvens (3.10)
§x Syt

sp” §2u”
PRy = = =~ & 5 e ~Pg  ceieiiennen (3+11)
6x sy

fe=-Pg  cieseenes T
which is the x -momentum equation balance for force.
For a point far outside

s&a”

sy"?

For free convective process in the undisturbed fluid
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Hence

*

sp
-(—) = /L.g
§X 0 0 aesesesres (3.13)
Substituting (3.13), (3.12) into equation (3.7), we get
P ) su” . su” s2u”
u o= Yy == =g (=] F gl o <F Ysanss ol T 1
b §x sy sy "2

The last term represent the net upward force per unit volume.
In the above equation we consider the net upward force by

introducing a constant coefficient of thermal expansion, B

ils v
B =( =— — ), eeeeeeecscanenn (3.15)
v §T p°
where
1
vV = ( F; ) is the specific volume of the substance.
sV é 1 i) 6?
[ W == B ,T® = [ = ]
§T" p st P p P S§T" p
Equation (3.15) becomes
1 6P
B=——g= (== ),  ceeeeeaeienaann (3.16)
§T p

Separating the variables in equation (3.16) and integrating
treating B as a constant and assuming p in the denominator is

extremely small, we get
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B (x) =1T) =~ -
|
that is
BgP(T, = T) = =g (Po=F) orirenininnnannns (3.173

substituting equation (3.17) into equation (3.14), we get

_ su’ . su” seu” . i
Pl 0= +V = |=p — + gBl (" = I §.18)
—  §x 5y sy

The above equations lead to the conclusion that velocity and
temperature fields in a free-convection two-dimensional flow
depend on equations (3.6), (3.8) and (3.18). The differential
equations for the velocity equation (3.14) and the thermal
boundary layer equation (3.18) are similar in structure. The only
difference are the last two terms in the equation of motion and
in the last term in the temperature equation. In general
temperature distribution depends on velocity distribution and the

converse.

3.9 General properties of thermal boundary layer.

Temperature in natural convection depends on the flow field.
When the heat due to friction and compression is neglected, the
relation between the temperature field and velocity field depends
on the prandtl number.

At high velocities friction and compression has to be taken

into account and depends on the Eckert number.

Grashof number is important at very small velocities of
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flow, if the motion is caused by bouyancy forces the flow is
independent of the Reynolds number.

Due to the interaction between the flow and the temperature
field, the differential equation for calculating the velocity and
temperature can be solved simultaneously. The pressure in the
horizontal plate is equal to the gravitational pressure which is
included in the Navier-stokes equations in the body force term

and taken as constant.

3.9.1 Heat transfer by free convection

The flow pattern in free convection exists because of a
temperature difference between the surface and the fluid. It i=8
not caused by any other external energy. If the temperature of
the solid is greater than that of the surrounding fluid, the
fluid adjacent heats up leading to a decrease in the density and
rising upward under the action of buoyancy forces. If the solid
surface is colder than the surrounding fluid, the adjacent fluid

is cooled and density increases resulting in a downward motion.
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Fig 6: Coordinate system of free convection flow over a

vertical surface (a) T, > T, (b) T, < T,

For a vertical plate placed in a fluid at rest,if the surface
temperature T; of the plate is greater than the ambient
temperature T_, the fluid adjacent to the surface is heated,
becomes lighter and rises leading to the formation of velocity
and temperature layers as shown in (a) above. If the wall
temperature is less than the ambient temperature a similar

boundary layer development occurs as shown in (b))«
3.9.2 Application of free convection :

Heat ejection to the atmosphere, circulations in heated
rooms, in the atmosphere and in bodies of water in the

environment caused by buoyant forces is covered in natural
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convection.

Free convection can be observed in many thermal devices such
as stoves, steam boilers and steam pipes.

Heat transfer from transmission lines, refrigeration coils
and electric transformers.

Buoyancy is of great importance in energy and ecological

applications.

3.9.3 Free convection heat transfer in a vertical plate.

If we consider a vertical flat plate of length, 1 whose
temperature is T and surrounding temperature T,". When the plate
is heated, some thermal and velocity boundary layer begin to form
at the bottom. The pressure in each horizontal plane is equal to
the gravitational pressure and is constant.

The only cause of motion is due to the difference between weight

and bouyancy in the gravitational field of the earth.

/ i &
// . / Turbulent
) / i)
// i . L ayer
9 )
7| 8 4
/
/A /—’ Laminar layer
// s
L
== Fr sl L

Fig 17:
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The temperature and velocity profiles vary as shown below:

N

— — — — —

>

%*

Y

Fig 8a: Velocity profiles in natural convection heat transfer

from a vertical plate

*

§T

SO

*
(Undistur
fluid) a

Fig 8b: Temperature profiles in natural convection heat
transfer from a vertical plate.
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Figure (8a) shows that the velocity is zero at the wall because
of no slip condition. It increases to the maximum and decreases
to zero due to undisturbed fluid. The original boundary layer is
laminar but with increasing distance turbulence sets in and
transition to turbulent boundary layer begins.Further up the

plate,the boundary layer may become fully turbulent.

3.9.4 Exact solution of a flat plate at zero incidence.

To get the exact solution, we select the origin at the lower
edge of the plate and the x¥* and y" directions parallel and
normal to the plate, the boundary layer equations are:

Continuity equation

6'\" - 6V y*
: i ——— =0 @ seemessees (3 19)
&§x sy

Navier-stokes equation in %" - direction with body forces due to

gravity is

1 dp’ 8%V

V' il + U v s s s

“ & " syt ¥ o sy

= i sess[3:20])

O

Differential eguation of heat convection with boundary layer

Bl

simplification 1s
> 4 5T s21"
Ve VY, K6 — =a T PP P (3.21)
X :.‘y' 5Y2
The pressure gradient in the vertical direction is given by
— = -P.a e (922}
..—:I
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where P_ is the density of the surrounding fluid at T",. We modify

equation (3.20) using (3.22) to obtain

*

A ™ 8V, 1 g
Vs . Ny - 7 (e L) 20s(8:23)
§x sy &y’ e

considering small differences the density term (P- £.) is related
to the temperature difference (T° - T,) through the volume

expansion coefficient B8 by the relation

(P~ Bl
g (T" - T.) = - j—-)-—ﬁ-— .............. (3.24)

Equation (3.23) reduces to

SV*X* 6V*x* 62V*x*

* * * *

Vi e Wy S =¥ — +gB (T - T,) ....(3.25)
§x sy §y*?

we solve equations (3.19), (3.21) and (3.25) subject to the

boundary conditions.

* *

When y =0, V_,=V_,=0, T = T,

x*

as y -> o, V., -> V*Y,, wh B, A e T

To simplify the problem, we introduce the stream function given

as
& Sy
\-" . = J— 4 V* = - —
5y ¢ §x

Equations(3.21) and (3.25) reduce to
Sy &T sy &T 21"
— S R . — =@ = saseteansss (3.26)
5y’ &x §x 5y §y"?
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5y 52 ) 52
—1:. _‘_f V ¥ e —-—Y + gB(T"-T",) ... (3.27)
§y" 8x 8y §X 3

and define the dimensionless similarity variable

Gy

R= * %

where

N

4V

The functional dependence of the stream function on x" and y'

axis is of the form:

3/4
46 (g WEM)  sseseisspssinuss

and the dimensionless temperature parameter is defined as

T -T",
T = * *
T, = eieessnescsnes (3.29)
which gives
Sy df
V*Kt = _* = 4 VGZ X*/z —
sy dn,
d Sy VG af
v . = - T— — T T'b — -_— 3f
§x X" dny
5V, 52y 2V G df ty; AEF
§x §x 8y ™ dnm, 2 dn?
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x* = 4 ¥ Sx™ = e
sy dn® Sy'e
sV, 3 At
T
sy"? 8§y any
s§T" Gy" (TS -T",) dT
§x" ax™/4 dn,
sT" G(T '~T",) aT
sy x+ 174 dny
sp" g -’y &t
§y" - ang

Substituting these values into equation (3.26) and (3.27) we

obtain
il a°f af 2
$ B —— =3[ =) * PB=D sesssanvsss (3.30)
dny; dn? dn,
dt dT
+3fP. — =0  cieeeececes 915
an’ dn,
that is,
£ 4+ 31" - 2 (£Y% + T =0
™ o+ 3fp 0 =0

where primes denote differentiation with respect to 1. Thus the
partial differential equations (3.26) and (3.27) are transformed
into ordinary differential equations (3.30) and (3.31) with the

following boundary conditions:
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Ostrach (1953) managed to solve equations (3.30) and (3.31)
numerically using computer. The functions f(m) and T(m) have been
obtained for Prandtl numbers ranging from 0.01 to 1000.

The Nusselt number

hx K §T pid 3/4 dT
Ny, = = T osg-al M = R (| -
k (T = T | 8y Yy=0 Kk dn, mMm=0
ar*
Where Ostrach found the values of ( — ) to fit the
dry 10

following empirical equation for prandtl numbers ranging from

0.01 to 1000

dT -(0.676 P)
{f =] = ;
dn, m=0 (0.861 + P)*
and so
[gB(m, ~ M jweH 0.76 /P,
N, = 4/0.25 : ——
¥ ¢ (0.861 + p.)*

4/0.25 4/G_(0.76) Jp,

(0.861 + P )*

= 0.48 4/G. 2/P,

(0.861 + P )*

Which is the exact solution for the above problem.
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3.9.5 Approximate methods for a flat plate at zero incidence

Approximate methods are simpler in performing numerical
calculations on thermal boundary layers than the above exact
methods. The three equations for u’, v' and T" in incompressible
case (P= P, = constant) and for constant viscosity are:

Continuity equation

su sv
wor W owm Bl sasssnersaes (3,33)
sx* sy”
Momentum equation
. su” . su” sau” Sp” .
Pl W == & & — 3 =g w o e = PEB L Y aee [3594)
§x Sy sy'*? §x
Energy equation
X §T" s§T" ger* su”
,Pme(u*——*+v*——-*)=K — g [ == Paenes (3.35)
§x sy sy*? sy
whose boundary conditions are:
* * ST*
when y =0, u =v' =0, T=T" and — =0
* * * * * 5Y
as y —> n =21, 7 T =T,

The velocity field is independent of the temperature field so
that the two flow equations (3.33) and (3.34) can be solved first
and the result used to evaluate the temperature field.
If we neglect the heat of friction p (§u’/6y")? in equation
(3.35) then a temperature field exists only if
"

T = T % 0,

W

42



The properties of the fluid satisfy the equation
k
Fc,.

This implies that for a flat plate at zero incidence parallel

a = with p. =1

flow at small velocities, the temperature and velocity
distributions are identical provided the prandtl number is unity

that 18,0, .

We introduce the dimensionless coordinate'n,uny* / & so that
= yJ/U, / ¥ and the stream function
(X", y') such that, ¥ =/V x' U, £(n)

where f(n) denotes the dimensionless stream function

inserting
) ) Sty
u' = . L : =U, f' (n)
sy” 67, N
§ 1, N,
v = - 1:=——- g’ = £
§x 2 x"
. su’ su” §2u”
in the equationy’™ — =+ v' — =D —
§x” 5y §y"2
we get,
££ 4+ 2™ =g

when we include the effect of frictional heat in equation (3.35),

the temperature distribution T* is given by

aer” o, dr* U .
+ — £ — = -2P [EMY® o (30T
dn? 2 dny % o

p

with the boundary conditions
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when m = 0, f=fl=gp
as T -> ®, fl =3 1

The general solution of equation (3.37) by the superposition
of two solutions is of the form

UZ

@

LTS8 Wm P ~— W stssessmsssss (3.38)
e,

where T Ty and T, ére functions of n only and T, denotes the
general solution of the homogeneous equation and T, denotes a
particular solution of the non-homogeneous equation.
T, and T, satisfy the following equation

B R BBLEE  csissistebesismssess (3.39)
and T, + 4 p_ £ T, = - 2P, P snssssnress iy (3.40)

with the boundary conditions:

Ty = 1 at my= 0

iy = as Y -> ®©
and

T = 0 at n=0

L, => 0 as ny —=> ®

From the value of T, (0) and T=T," for ny = 0, we get

Equation (3.38) becomes

; e Uj
T - T*o: = (Tw* & Tq,*) = (Ta—Tm*) T # —— T [3.41)
e ' 2C..

where T, and T, are functions of m, and Pos

Then the dimensionless temperature distribution becomes:
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T = T
;*—?=[l - % E. b (B) ‘T1 + % E. T, . (3.42)

where B = Eckert number =

and b (P)) = /P. =1

Following Polhausen, we assume a polynomial of the fourth degree
for the velocity function in terms of the dimensionless distance
from the wall as:

*

u
— = f(n) =an+ b + and + end ..cihvinen (9::43)
U

where 0 £ iy £ 1 and for my> 1, then == =

and distance from the wall y" = §(x").

To determine the four constants a, b, d and e we apply the

following boundary conditions:

. §2u” 1 dp’ au”
For ¥ =0,% = — — = =-U
Sy*? g dx dx”
(3.44)
su” §%u
as y =-> o,u" = U; = 0 = 0
sy" sy*?
§2 du
Introducing the dimensionless quantity § = — — ..... (3.45)
ax”
to get
§ § § §
a=2+~-, b=--, d=-2+-,e=1- -
6 2 2 6

where § is the ratio of pressure forces to viscous forces.

The velocity profile becomes

*

u

== = F [1p * & ¢ (n)
U
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§
=@2n-2 + W) + — -3 + 3% -1n%) ....... (3.46)
6
where
F(n) = 2n - 218 + ¥

1
GMm) = - — [mMu-3% + 318 - 1¥4]eevnnnn.. (3.47)
6

The two functions F(n) and G(nw) given by equation (3.47) together
compose the velocity distribution function. To get the
temperature distribution, we integrate equation (3.35) from y* =

0 to ¥* = @ , thatis,

d o0 . . 6T
= uw (Tt -T) ay' = - a ( - AUERED (3.48)
dx 0 sy  y =0
k
which is the heat flux equation where a = — is the thermal
noc*
diffusivity. 4

To evaluate the integral on the left hand side of equation
(3.48), we introduce the variables n, = y /6§ for the velocity
boundary layer and n, = y*/éT for the thermal layer.
We denote their ratio by 4 = § /6.
From equation (3.42), we have

LS = (17, = T (1= 20 4 28, = e

=l =] 3 sweessesssess (3.49)

From equation (3.46), we assume the velocity distribution to be
of the form

u = U(x") (2 - 20 + ] = U(X') F(M) evvvennn. (3.50)
Equations (3.49) and (3.50) give the temperature and velocity

expressions respectively by the approximate method.
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Results

I

8 12
Ty
Fig 9: Velocity profiles for a natural convection boundary

layer on a vertical plate with uniform wall
temperature

R

Fig 10: Temperature profiles for a free convection boundary
layer on a vertical plate with uniform wall
temperatures
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CHAPTER FOUR

4.0 Free convective flow through porous medium

4.1 Introduction

The flow through a porous medium, under the influence of
temperature differences is one of the most considerable and
contemporary subjects, because it finds great applications in
geothermy, geophysics and technology [1976, 1978].

Yamamoto and Iwamura [1976)] expressed the equation of flow
through a porcus medium. Raptis et al [1981] using the above
equations studied the influences of the free convective flow and
the mass transfer on the steady flow of a viscous fluid through
the porous medium, which is bounded by a vertical and plane
surface, when the temperature and the concentration on the
surface are constant. Raptis et al [1982] also studied the
influence of the free convective flow on the steady flow of the
viscous fluid through the porous medium, when there is constant
heat flux on the above mentioned surface. Recently Raptis [1983]
studied the unsteady flow through a porous medium, when the
temperature of the surface from which the porous medium is
bounded and non constant.

The purpose of present work is to study the effects of
unsteady 2-dimensional free convective flow during the motion of
a viscous incompressible fluid through a highly porous medium.
The porous medium is bounded by a vertical surface of constant
temperature. This surface absorbs the fluid with a constant

velocity and the free stream velocity of the fluid vibrates
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above a mean constant wvalue.

4.2 Mathematical analysis

Considering the unsteady 2-dimensional flow through a highly
porous medium which is bounded by a vertical infinite plane
surface. Assuming that the fluid is viscous and incompressible,
the surface absorbs the fluid with a constant velocity and the
velocity of the fluid far away from the surface vibrates about
a mean value with direction parallel to the x" - axis. All the
fluid properties are assumed constant except that the influence
of the density variation with temperature is considered only in
the body force term. The x - axis is taken along the plane
surface with direction opposite the direction of the gravity and
the y" - axis is taken to be normal to the surface.

The equations which govern the problem when the velocity and
the temperature are functions of y  and the time t" are:

continuity equation

momentum equation

*

* 62 *

su , fu’ sp u oo,
P( "—* ¥ _*) = = * _Pg+ 'UI * B —-* Woamen (4.2)
st sy 5% sy™
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Energy equation

§T " k &1
- + V- = — e R R R R RRPy (4.3)
5t sy FPc. sy

Boundary conditions

for y" =0, u =0, v' = -v, = Constant, T" = T/

When ¥ =so, 0 =0 <20 (1 ¢ eV, T =5 7 L oenssns (4.4)

where u" and v’ being the components of the velocity which are
parallel to the x" and y' axes, respectively, P is the density of
the fluid, p" the pressure, g the acceleration due to gravity, u
the viscosity, K the permeability of the porous medium, T" the
temperature of the fluid, T: the temperature of the surface, T;
the temperature of the fluid far away from the surface, k the
thermal conductivity of the fluid, C e the specific heat of the
fluid at constant pressure, U a constant velocity, w'  the

frequency of vibration of the fluid and e€(e<l) a constant

guantiky.
Equation (4.2), for the free stream, is reduced to
au” sp” T
F - - = F@=s=T  sewewss (4.5)
dt §x k
sp
On eliminating - between (4.2) and (4.5) we have
5%
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* %* * *

su su qu* §%u m
Pl 29 jm P—s g (B o g - & — @]
st sy dt sy k

This equation is reduced to

su” X su” dau” . . s2u”
Pl— 9 — ] =P— gt -TJ + 5 < +
st sy dt sy*?
” * *
= (0] — ssmsmsmemens (4.6)
K

by using the constitutive equation

P = = BF (& = Wy )
where B is the volumetric coefficient of thermal expansion and
fi the density of the fluid far away the surface. Since the
surface absorbs the fluid with a constant velocity, the
continuity equation (4.1) gives

*

¥ = ow oy e constant

gqguation (4.6) then becomes

su” su” au” . . s W
- = # g =Fgl #% o= & = (IS0)
st sy" at” §y¢ K

we introduce the non-dimensional quantities

u” t'v,° Yy v, u”
M == j K. = ’ Y= r U=
U, Vv v o
Y ™ - T,
W = m' T = * *
VU2 Ty = Ty
_P\?cp*
P, = (Prandtl number)
k
YgB(T, - T,) (Grashof number)
e =
I
2
UQIO
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V2
where ¥ is the kinematic viscosity.
With the help of the above non-dimensional variables,

equations (4.7) and (4.3) are reduced to non-dimensional

equations.

fu 6u AU §%u 1
b e e e oo B B B BT e senas (4.8)
st sy dt §y? k
§T 6T §2T
B (oo & = ) B g (4.9)
st &y §y?
by taking into account from (4.4) that U' = U(1 + € e). The

conditions (4.4) are reduced to:

For y=0 , u=0, T-=1
when T o 0, T =5 1 4 g8™, B B0 cseivsssases (4.10)
In order to solve the differential equations (4.8) and
(4.9), we assume that
Biy ) = 909 + E8™ WlF) + swssenessvansis (4,11)
Ty t) = Tity) + €8™ L) # sssscssvsvavans (4.12)
on subtituting equations (4.11) and (4.12) into equations (4.8)

and (4.9) we get the following system of differential equations.

1 1
P W' e =y Sw e Bl ssssevemen {4,151
Kk k
1 .}
uly +u’ - (-4 dw ) uy=-( — +iw) - GrT, (4.14)
. A
2.+ B2 =0
" L g {4.15)
LBt = dupE =0 20000 s eress (4.16)

The conditions (4.10) are reduced to:
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when ¥ == 9, B, =% 1, W, == 1, T == 0, Ty =& Bepssmerxs ¢ 4.27)
By solving the differential equations (4.13) - (4.16), under the
conditions (4.17) and substituting the obtained solutions into

(4.11) and (4.12) we have

G G,

u = - ~L] e’¥ = et ¥ 41 +
(P % B,JIE + R,) (P, + R,) (P, + R,)
ge™ CLeeglyy 20090900 ssessasnsunsess (4.18)
g™ ™ 0 aeivesssaiui (4.19)
where R; = = 1 = 1 + 4/k
2
R, = -1+ 1+ 4/k
2
R, == 1 - J(1+4/k )+ i4w
2

It is also possible to write down the expression of the velocity
(4.18) in the form:

A= 88 M4 ) sesevensnenss (4.20)
where M  + iM, = u,
when wt = 7/2, the expression (4.20) for the velocity is given
by

15 esfl == ssssmesedenss {4.81)

0 i

Equation (4.18), in the form (4.21) takes the form
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G G

S i Ry r -p
u = w18 - v rH i %
(P.+R,) (PAR;) (P+R,) (P +R,)

eeB1y SinB2y

where
-1 —JE + 4/K)+ J(1 + 4/K)% + 16w
2 —
B1 s
2
-l - (1 + 4a/k) + /(1 + 4/k)% + lew?
B, =
2
4.3 Conclusions

Figure II gives the variations for various values of the
Grashof number (G ) and the permeability parameter (K), when the
Prandtl number (P ) is equal to 0.71, which corresponds to the
air.

From this figure we observe that the velocity increases when
the Grashof number and the permeability parameter increases and
the differences of the velocity are greater as the Grashof number

increases.
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r=0.71, €=0.2, w=5

K G,
1 3 3
2 5 3
3 3 5
4 5 5

Pig 11: Velocity profile u
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5.0 Nomenclature

Cu: Specific heat of the fluid at constant pressure
E. ¢ Eckert number

g Gravitational attraction

G Grashof number

k : Thermal conductivity

K

K : Permeability parameter

N, : Nusselt number

P : Pressure

P. : Prandtl number

T" : Dimensional temperature of the fluid

T : Non-dimensional temperature

T, : Temperature of the plate

T, : Temperature of the fluid in the free stream

AT : Temperature difference

Constant velocity

Free stream velocity

V' *: Velocity component in the x* - direction

V' *: Velocity component in the y" - direction

wos Frequency of vibration of the fluid
Greek symbols

€ : A constant quantity

§ : A constant quantity

§ : Heat source parameter

B Volumetric coefficient of thermal expansion
P : Density
FP.: Density of the fluid far away from the surface
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L : Viscosity
G : A constant quantity
a : Thermal diffusivity

¥V : Kinematic viscosity

(x*, y*, z*) : Coordinate systen
' ¥, W) @# Vélocity component in x", y", z" directions
respectively
Subscripts

w : Vertical boundary wall

© : Distance far from the vertical boundary
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