ANALYSIS OF WAVE RESTORING FORCES DUE TO OSCILLATION OF A
RECTANGULAR BARGE AND THEIR EFFECTS ON CONSTRUCTION OF
OFFSHORE STRUCTURES

KIBET HILLARY

A Thesis Submitted to the Graduate School in Partial Fulfillment of the Requirements

for the Master of Science Degree in Applied Mathematics of Egerton University

EGERTON UNIVERSITY
OCTOBER, 2024



DECLARATION AND RECOMMENDATIONS
Declaration
This thesis is my original work and has not been presented in this University or any other for
the award of a degree.

Signature - - &L . ° - - oH - Date: 11/10/2024
Kibet Hillary
SM122 /13714 /19

Recommendation

This thesis has been submitted for examination with our approval as the University supervisors.

Signature S Date: 11/10/2024
Dr. David O. Manyanga (Ph.D.)

Egerton University.

Signature ~ { & """ Date: 11/10/2024

Dr. Patricia W. Gathia (Ph.D.)

Egerton University.



COPYRIGHT
© 2024, Kibet Hillary
All rights reserved. No part of this thesis may be reproduced, stored in any retrieval
system, or transmitted in any form or by any means, electronic, mechanical, photocopying and

recording without prior written permission of the author or Egerton University on that behalf.



DEDICATION
| dedicate this thesis to my loving father Mr. Kipsang Malel, my brother Kenneth Kiplangat
Sang, my siblings and the entire family. Your consistent prayers and words of inspiration have
been a great contribution to my academic achievements thus far.



ACKNOWLEDGEMENTS

I thank God for the gift of life and grace that has seen me through my studies to this master’s
level. Sincerely, it is by His grace that | have come this far. My gratitude also goes to my
supervisors, Dr. David O. Manyanga and Dr. Patricia W. Gathia, for their tremendous support
and guidance all through my master’s studies and most importantly in my research. To our
lecturers in the Mathematics Department, | am thankful for your constant checkups and
motivation that always ensured that I am on the right track towards achieving my master’s
degree.

In addition, I am thankful to my family who have been in the forefront of ensuring that |
pursue my education comfortably and who challenged me into taking a masters course in
Applied mathematics. This, in particular, goes to my loving Dad, may God bless you
abundantly. | am greatly thanking my classmates John Kiptoo Changwony, Jackline Akombo
and Velma Kiptoo for the support we’ve shown each other all through this journey.

Finally, let me thank everyone who has had me in their prayers and might have given me a

hand to hold on through my studies. Thank you and may God bless you abundantly.



ABSTRACT
Waves are a common phenomenon in the ocean environment and are caused when energy is
transmitted across the water surface and their effects have prompted studies on hydrodynamic
loads on offshore structures. When interactions of waves occur with offshore structures, there
is damping of wave loads, which are added mass, damping coefficients and restoring forces
and moments, on them. Most researchers have worked on restoring forces and moments of
oscillating bodies with forward speed in 2 dimensions. However, little has been done with
regard to an oscillating rectangular barge with zero forward speed in a 3-dimensional axis. This
study therefore analyzed the wave restoring forces due to oscillation of a rectangular barge and
their effects on the construction of offshore structures. To do this, it was necessary that the
solution of the velocity potential of the outgoing waves be derived from the radiation potential
after which the added mass and the damping coefficients were derived. This aided in the
derivation and analysis of the restoring forces of the oscillating rectangular barge. From the
velocity potential, the series form of the Greens function was used since its results
asymptotically converged more easily than those of the integral form and at the same time
eliminated irregular frequencies. Additionally, the wave characters of the outgoing waves were
predicted from those of the incoming waves. The simulation process was done using the Fortran
software to generate data which was later run in the origin software to generate graphs for
further discussion. The findings in this thesis will aid in reducing the computational effort
required in the design of offshore floating structures, especially at phases where load instances
must be considered, and ensures modelling of offshore structures with high restorative forces.
This research can further be extended to analysis of wave restoring moments for a rectangular

barge oscillating at zero forward speed.
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CHAPTER ONE
INTRODUCTION
1.1 Background Information

Waves occur normally in oceans and are caused when energy is transmitted across the water
surface. Ocean engineers have long been careful to take into account the factors of slamming
and deck wetness, among other characteristics in the construction process, to ensure that a
vessel can resist the tough sea conditions. Offshore structures are crucial in the production of
gas and electricity as well as to the drilling and production of oil (Shukla & Karki, 2016).
Among other important applications of these structures are the loading and offloading of cargo
from ships (Abyn et al., 2014).

According to Moan (1997), it is crucial to make sure that structures are modelled in a way
that will lessen or even eliminate structural failures while also accurately presenting high
production levels over extended periods of time. To meet their needs, it is important to make
sure that these structures are extremely productive while also operating in a way that doesn't
endanger the lives of other marine structures (Rouhan & Schoefs, 2003). In this sense, greater
emphasis should be placed during the building process on features that will guarantee that these
vessels can endure challenging circumstances for extended periods of time.

Research has established that waves cause loads on most offshore fixed and floating
platforms. Tromans and Vanderschuren (2017) defines wave loading to be a random process
which is caused on offshore structures regardless of their position; that is, whether located on
the shores or off the shores. Interactions of offshore structures with surface waves normally
results in the creation of periodic loads around these structures. Faltinsen (1990) states that
understanding wave-induced loads is critical and should be incorporated into the design and
operation of offshore structures. According to Ngina et al. (2015), added mass, damping and
restoring forces and moments are among the periodic loads whose causal agents are interactions
of waves with structures. While damping and added mass have been the subject of several
research, the examination of restoring forces and moments has received less attention. An
essential feature that should be taken into account while designing offshore buildings is the
analysis of restoring forces.

Bhattacharyya (1978) analyzed the non-linear roll motion of a ship with significant use of
polynomials of restoring forces. Regardless of using structures of different shapes in his study,
the study majorly focused on the restoring forces with regard to the roll motion. Cardo et al.

(1984) also focused on the effects of non-linear restoring forces for a coupled motion where
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the focus was on a structure oscillating in three degrees of freedom. This study will otherwise
put more emphasis on the analysis of restoring forces on the surge motion.

Talyan (1999) approximated the restoring forces of a non-linear roll model using a
generalized asymptotic method. The main approach that was put in place to govern this study
was the time domain approach. Surendran et al. (2003) paid attention to general performance
of a ship in the sea and sought the solutions of restoring forces and moments using the
MATLAB program where the effects of roll motion were only analyzed on the roll motion.

Pesman and Taylan (2012) examined the stability characteristics on roll motion in the main
parametric resonance regions. Here, the variations on restoring forces and moments were
modelled with respect to time and to the instantaneous roll angle. The roll response was then
evaluated using the frequency domain approach. Ahmed et al. (2016) used an integral scheme
to detect both the excitation forces and the restoring forces of a forced non- linear oscillation
simultaneously. Kianejad et al. (2018) analyzed the restoring moments of a ship in dynamic
condition which was then measured with basis on heave motion and on the respective location
of the wave’s crest and trough. They pointed out that the calculation of restoring moments
increases the overall accuracy in the process of simulating a ship’s stability.

Yuetal. (2019) conducted a quantitative prediction of the restoring forces in the roll motion
of a container within its 5 degrees of freedom. However, this study majorly concentrated on a
rectangular shaped barge and analysis of its restoring forces. A number of researchers have
been taking specifications in relation to the properties of the medium that is being studied. In
this instance, it was expected that the medium's density, water, would remain constant. It is
similarly significant to highlight that, as in other research investigations of the same kind, a
single-layer fluid technique was used in this study. Other than that, the structures used differed,
in this instance, a rectangular structure was used. Furthermore, in contrast to prior research that
have been employing the time domain method, the frequency domain approach was used.

This study, therefore, focused on the analysis of restoring forces where the wave characters
were analyzed and used in predicting the wave restoring forces. That is, structures operating
off the shores should be modelled with incorporation of high restoring forces. Which is due to
the fact that an increase in distance away from the shores causes a subsequent increase in wave
amplitudes, which increases frequencies. Increased frequencies and amplitudes demand that
the structures should have high restoring forces to ensure that accidents are not experienced.
The study assumed that there exists a similarity between the wave characters of the incoming
and the outgoing waves and thus the incoming wave characters were used as a prediction of

the outgoing wave characters. Initially, Ngina et al. (2015) used wave characters to analyze
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wave exciting forces of an oscillating rectangular barge. In addition, Juma et al. (2020)
analyzed the added mass and damping coefficients of an oscillating rectangular box with use
of radiation velocity potential. This work therefore, added value to the works of these scholars
by portraying the relationship between wave characters and added mass and damping
coefficients of outgoing waves in the analysis of restoring forces of an oscillating barge at zero
forward speed.
1.2 Statement of the Problem

Occurrence of waves in the ocean environment are common and are known to be of different
types with different causal mechanisms. Waves have wide impacts on offshore structures which
operates in the ocean including capsizing, destruction, sweeping away and crucial cases of
deaths caused by tsunami-like waves. Furthermore, different forces and moments are created
around offshore platforms as a result of the interactions between them and the waves.
Numerous periodic loads have been extensively studied, including the analysis of damping
coefficients and added mass, but the analysis of restoring forces and moments has received less
attention. Understanding restoring forces and moments is crucial for modelling offshore
structures so that they maintain their equilibrium position even when subjected to powerful
waves. It is known that there have been cases of offshore structures getting washed away by
waves and many researchers have worked on these problems. Nevertheless, their work has not
been sufficient as it is evident that more of these cases keep occurring. Furthermore, there are
a lot of wave effects on these structures which need to be looked into independently and in
better ways. Therefore, the wave restoring forces for a rectangular body moving with a zero-
forward speed and stationery at a finite depth were examined in this study. In contrast to earlier
research that employed a two-dimensional technique, this work fully embraced a three-
dimensional approach for restoring forces prediction. The prediction of wave restoring forces
was the main goal here, however incident wave characteristics were used to predict outgoing
wave characteristics, and coefficients of restoring forces were derived using damping
coefficients and added mass.
1.3 Objectives
1.3.1 General Objective

To model the wave restoring forces from the outgoing waves due to a freely floating body
on a uniformly distributed fluid and analyze their input in design of offshore structures.
1.3.2 Specific Objectives

i) To investigate the incident waves in order to predict the outgoing waves due to restoring

acceleration.
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i) To analyze added mass and damping coefficients of the outgoing waves so as to obtain
restoring forces.
iii) To predict restoring forces of the outgoing waves in order to relate with construction of
offshore structures.
1.4 Assumptions
i) The fluid under investigation is considered to be incompressible and homogenous with
a constant density.
i) The fluid under study is considered to be irrotational and the flow field is conservative.
iii) The sea bottom is assumed to be impermeable and stationary.
1.5 Justification
For oceanographers and ocean engineers, the study of wave-induced motions is crucial.
There have been advancements in technology and the researchers have come up with new
structures whose performance are quite better than the previous ones. With this, knowledge of
wave induced loads are highly crucial. In this area of study, a lot has been done around added
mass and damping. Otherwise, works on restoring forces has remained unworked for over time.
Incorporating the aspects of restoring forces in modelling of structures is important as it ensures
that the modelled structures will, at all time, work amidst the chaotic nature of its environment
and within its stable position. Additionally, more research has been done on cylindrical shapes,
although hydrodynamic load analysis on rectangular shapes is just as significant. This is caused
by the fact that offshore structures come in a variety of designs, some of which are rectangular
and have not been thoroughly researched. Even when developing rectangular structures for
mineral collection in the oceans, understanding restorative forces is crucial. It is much simpler
to extract more oil and other minerals when these structures are stable and in their equilibrium
positions. The findings of this research will have significant implications for oceanographers
and ocean engineers. This is because they will understand how restorative forces affect a
structure. This will also improve and boost mining and extraction of minerals and other
valuables from the sea and increase revenue which will help this great country, Kenya, achieve
its 2030 vision.
1.6 Definition of Terms
Wave — In a given medium, a wave is a disturbance that transfers energy from one place to
another.
Incident wave- A wave that is travelling from a source towards a structure and which
eventually makes it to oscillate.

Capsizing- This is the effect of a structure overturning in water.
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Outgoing wave- This is a wave generated from a source due to effects of oscillation. These
waves travel away from the structure.

Frequency- This is the rate in which a wave passes through a given point over a specific
period of time.

Exciting force- This is the force that is responsible for the motion of once stationery body.
Added mass- This is the inertia that is added to a system when it deflects some volume of the
fluid surrounding it when subjected to some force.

Damping — This is the influence of an oscillatory system which reduces, restricts or prevents
the oscillation of the structure.

Restoring force- This is a force that is responsible for bringing an oscillating structure back
to its equilibrium position.

Wavelength- This is the distance between one wave crest to the other in a wave.

Wave celerity- This refers to the speed in which an individual wave propagates.

Offshore structures- Are structures built to operate deep in the sea and are used for activities
such as oil and gas exploration.

Oscillations- This describes how a structure moves back and forth between two deformation

points.
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CHAPTER TWO
LITERATURE REVIEW
2.1 Ocean Waves

In oceans, with water as the medium, the wind transfers energy from one point of the ocean
to the other as it blows. Simultaneously, little ripples are created, which gradually enlarge and
become waves (Cruz, 2007). According to Toffoli and Bitner-Gregersen (2017), a wave
requires an initial equilibrium condition, which is broken by certain early disturbances and
replaced by a restoring force. There are multiple types of waves, often occurring
simultaneously, and they vary in their progression. These are the waves produced by wind,
moving ships and gravitational disturbances from the sun and moon (Massel, 1996).
Conversely, restorative forces are often driven by gravity and surface tension (Toffoli & Bitner-
Gregersen, 2017).

When waves are formed, they travel in a variety of directions, and their energies are
consumed due to a variety of factors, including bottom friction, angular dispersion, air or water
turbulence, and spreading across greater areas (Thorpe, 2005). This is the reason why these
waves get shorter as they move away from where they originated. Waves become sharp and
unstable when they are opposed because their height increases and their length decreases.
Greater steepness is associated with higher water particle velocities. The water particles escape
and wave breaking occurs when such speeds surpass the wave's velocity (Deo, 2013).

Major cases of capsizing and tilting of offshore structures have been reported in the recent
past. Among them is the accident on the X-Press Pearl ship which occurred in 2021 in Sri
Lanka. De Vos et al. (2021) reported that the ship was loaded with cargo and on board were
tones of nitric acid, oil and plastic. Due to the harsh conditions from the sea waves, the ship
lost its stability and started swaying from side to side. This then made the corrosive and highly
flammable nitric acid to leak and accidentally catch fire making the ship to catch fire and sink.
Had the knowledge on restoring forces been incorporated fully in the modelling of X-Press
Pearl ship, there would have been minimal chances of the accident occurring. A similar case is
the tilting of an offshore wind platform in China which is reported to have tilted due to the
action of strong waves on it. According to Asim et al. (2022), the structure was tilted by the
waves and thus making it slide and sink. The accident could have been avoided had the
knowledge of restoring forces been incorporated in its design.

According to Mendes et al. (2021), the analysis of periodic loads and their effects on
offshore structures is very crucial in modelling of dependable and resilient offshore structures.

They pointed out in their study that in the analysis of stress and loads on offshore wind turbines,
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considerations on dynamic forces caused by waves should be incorporated. These forces,
including restoring forces and moments, dictates the general workability of these structures and
ensures the safety of lives on-board.

While damping coefficients and added mass have been studied, little research has been done
on restoring forces and moments. According to Newton’s third law of motion, for every action,
there is an equal and opposite reaction. Therefore, for every excitation force, there is an equal
and opposite restoring force. This is the force that acts on an oscillating body acted upon by a
wave with an aim of bringing it back to its equilibrium position. In addition, force is a product
of mass and acceleration and this brings the relationship between added mass, wave characters
and the restoring forces. This study therefore analyzed wave restoring forces by borrowing the
idea of wave characters and linking its relation to added mass and damping.

For high performances of offshore structures, Tang et al. (2021) pointed out that it is crucial
to put into consideration the effects of restoring forces in modelling of ships moving at a
forward speed. Their study pointed out that the study of restoring forces gives improvements
in predicting of the ship’s accuracy especially under complicated conditions such as those with
higher forward speed. Nonetheless, most researchers in the same field have found the problem
of analyzing these forces for a body in forward speed as being engaging and results not agreeing
with earlier works from other researchers. Therefore, it is important to analyze the same forces
by putting into place the aspect of zero forward speed.

With advancements in technology, there have been modelling of structures of different
shapes. The ocean engineers have recently come up with offshore structures of varied geometry
and this includes the rectangular shaped structures. With these advancements, researchers in
this field have been keen to analyze restoring forces and moments, as a hydrodynamic load,
acting on offshore structures. Tanaka and Hudspeth (1988) are among the researchers who had
interest in analyzing the restoring forces and moments of offshore structures. However, their
main structures of interest were circular cylinders which were forced to oscillate under the
action of earthquakes. Awal et al. (2021) worked on the predictions of restoring forces but
with a main focus of the heave motion of the rectangular structure. It is important to further
expand this work to put into account the surge motion of the rectangular barge and at the same
time relating added mass, damping coefficients and the wave characters.

In the recent past there has been rising demands for energy globally and Cardoso et al
(2021) has pointed out that the renewable sources of energy are becoming more accessible,
where the ocean is the best source from its wind energy. In this regard, there is need for general

stability of structures both in the production and transportation of offshore wind turbines that
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are floating freely. For the success of such structures, an adequate numerical analysis on the
magnitude of wave loading which are subjected to them should be analyzed. The data from this
analysis and especially those of wave restoring forces are of importance in analyzing the
general stability of such structures. With considerations on the interactions of offshore
structures with waves and the creation of loads around them, offshore engineers have been
doing extensive researches to model better and efficient structures that can maintain high
workability amidst harsh sea conditions. This study therefore adds value to this field by
analyzing the restoring forces of a rectangular barge that is oscillating at zero forward speed.
The results obtained is of importance in modelling of structures that can maintain high
restorative forces.

2.2 Dispersion Relation of Ocean Waves

According to the frequency dispersion of water waves, waves of various wavelengths pass
through the water's surface at various stages. Then, waves that go through the water's surface
might be referred to as water waves. The restoring forces of surface tension and gravity operate
upon these waves. Water particles on free surfaces are referred to as dispersed in a dispersive
medium under these circumstances.

The dispersion relation is governed by the Airy wave theory. The mechanism of swell wave
propagation on surfaces of homogeneous fluids is modelled using a linear theory when waves
of small amplitude are assumed. This allows for the assumption of sinusoidal wave profiles
without leaving out generality (Boccia et al., 2015).

The standard expression relating dispersion of ocean waves gives a relation between the
frequency w, gravitational acceleration g , water depth h and wave number k. The group
velocity and phase velocities of waves in a given medium can be calculated with the use of a

dispersion relation, which can be expressed as,

o’ = gk tanh kh (2.1)
Dividing both sides of equation (2.1) with g gives,
2
@ _Ktanhkh 2.2)
g
Taking the coefficients of h and multiplying it to each part of the equation (2.2) above gives,
, h
o — = khtanh kh (2.3)
g

Now finding the square root of both sides of equation (2.3) gives,
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) \E — Jkhtanhkh (2.4)

The linear dispersion relation is represented by equation (2.1). The dispersive nature of the
waves is expressed by giving w as a function of k. This relationship makes it clear that waves
with different wavelengths often move at different rates, and when multiple waves are present,
the longer-period waves will move more quickly.

The speeds at which the wave crest moves are indicated by the phase speeds of swell waves,

which are,
W

C=— (2.5)
k

c= %tanh(hk) (2.6)

The aforementioned equation shows that wave height has no bearing on wave speed, C.
Because waves of different lengths propagate at different speeds and finally scatter away or
disperse, waves with C as a function of wave number k are called dispersive waves. Because
the dispersive nature is indicated through the relation of w as a function of k, a relation like
that of equation (2.1) is a dispersion relation.

2.3 Boundary Conditions to be Satisfied

The availability of specific circumstances has allowed fluid mechanics researchers to
successfully complete the majority of their studies on how waves affect offshore constructions.
Boundary conditions are necessary for the fluid domain to be subjected to certain conditions in
order for fluid motion to occur (Stepanyants & Sturova, 2021). In general, fluid dynamics
researchers have developed the mathematical formulation of velocity potential with boundary
conditions, which is an excellent tool for studying hydrodynamic loads. For this study, the
following linearized boundary conditions were satisfied:

2.3.1 Bottom Boundary Condition

At the seabed, the velocity along the z-direction is zero in accordance with the Bottom
Boundary Condition (BBC). This is because water cannot pass through the bottom of the
channel, hence the vertical velocity of the water particles at the sea bottom must always be
zero. The fluid's velocity field will have zero divergence since its density is constant throughout
the medium. It implies from Falnes and Kurniawan (2020) that,

VV =0 2.7
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Since the flow is irrotational and the curl of the fluid velocity is zero, curl k , then there exists
a velocity potential ¢(x,y, z) such that the respective velocity components in the (x,y, z)

planes are defined as,

% _,

OX ’

9% _,

ay l

99 _

az_W (2.8)

Since there existed a velocity potential, ¢ , equation (2.7) can be substituted into (2.8) to give
the Laplace equation.

0. 0. O op. O¢ . O¢

—i+—j+—Kk).(—i+—j+—k)=0 *
(8x ayj az)(ax ayJ oz ) )
And from Zhou et al. (2021), the Laplace equation is representable as,
Vig=0 (2.9)
0’p 0’9 0’9

+—+—=0
Xt oy* oz (2.10)

Boundary conditions must be satisfied at the bottom and at the free surface. Consequently, the
following are the boundary conditions for this case:

The velocity components at the seabed, z = —h , must go to zero,

w=2%_o at Z=-h (2.11)
oz

Equation (2.11) is the Bottom Boundary Condition.
2.3.2 Dynamic Free Surface Boundary Condition

Given that the fluid being studied is irrotational in nature and that the free surface pressure
is assumed to be equal to the atmospheric pressure, Bernoulli's equation, as presented by Gnitko
et al. (2021), is relevant,

%+%(u2+v2+wz)+£+gz:0 (2.12)
and,
P=0atz=p (2.13)
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The non-linear terms (u2 +V° +w2)are neglected for waves of small amplitudes and therefore

the general linearized Bernoulli equation is given as,

0
—¢+£+gz:0 (2.14)
ot p
Substituting equation (2.13) to (2.14) gives,
o¢
(E] +gn=0 and Z=77(X, y,t) (2.15)
z=0

Where z = n(x,y,t) is a representation of surface displacement of the fluid from its mean
level.
Equation (2.15) is the Dynamic Free Surface Boundary Condition.
2.3.3 Kinematic Free Surface Boundary Condition

At the free surface, there is a kinematic free surface boundary condition (KFSBC) that
mandates that the fluid particles never escape the surface. This suggests that the fluid particle
follows the fluid surface and the fluid surface follows the fluid particle (Yong-Can et al., 2022).
It shows that if the fluid particle travels along the tangent line, it will stay on the free surface.
The free surface must follow the particle since it will leave it if it goes in a normal direction.

As a result, as long as the wave does not break, the fluid particle remains on the free surface

continually.
Let F(xY,2) (2.16)
DF _ ﬁJruﬁ+va—lz—z =0

Dt |t . @17
0 on(o on|( o 0
a—” + 8—”(a—¢j + _’7(_4’5) _ (a_¢j (2.18)

t X\ OX ),., oy oy - Z ),

. an (0 on (9¢ i

From equation (2.18), [5 (a)zzn] and la (5)z=nl are small for small-amplitude waves.
Equation (2.18) therefore decomposes to,
a-”:(%j 2.19)
ot oz ).,
z = n can then be evaluated at z = 0 rather than at the free surface.
on (%j (220
ot 0z ),

Equation (2.20) is the Kinematic Free Surface Boundary Condition.
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2.3.4 Radiation Condition

At distances from the body, the surface waves must vanish along with the velocity potential
in order to meet this requirement. As R—oo, it suggests that |V¢|—0. According to this
condition, surface waves deteriorate across distances from their source.

lim \/ﬁ(%—ikqﬁJ:O (2.21)
R—o 877

2.4 Body Response in Ocean Waves

Naval engineers have always been interested in the impacts that floating or submerged
vessels experience when waves are present. The ocean environment has long been
characterized as a random process that results in random reactions from the water and structures
that operate there (Khan et al., 2022). It is necessary to make accurate hydrodynamic load
calculations while designing these offshore constructions. When studying fluid motions and
how they affect both fixed and floating marine structures, hydrodynamic loads are crucial, and
understanding them is useful. It is important for structures to be designed to withstand the harsh
conditions of the sea. The amplitudes of the waves are assumed to be sufficiently small in this
work to support linearization and allow for the superpositions of particular wave-body
interactions when regular waves are present (Newman, 2018). As a result, the floating body
experiences planar progressive waves with an amplitude of Q and a direction of ¢. The body
is thus compelled to move in its six degrees of freedom in reaction to the waves. These six
degrees of freedom can be classified as rotational (roll, yow, and pitch) or translational (surge,
heave, and sway).

The body’s oscillatory motion is harmonic and taken to be of the same frequency w as that

of the incoming wave and the corresponding velocities from the oscillation is represented as,
£;(t)=Reliwge™] (2.22)
q; is the complex body motion’s amplitude. The resulting motion will be proportionately small

due to the assumption that the body is stable and incident waves exhibit smaller amplitudes. Li

et al. (2022) expresses the general velocity potential as,
#(x,¥,2,) =Re{(g(x,y,2)e ™)} (2.23)
Re denotes the real part of the complex quantity. The induced body motion's period and the

incident wave's period are represented by T and derived from o = ZT—” . Endo (1987) asserted

that the resulting motions of these structures are relatively minimal in accordance with linear

theory, and this assertion is supported by the assumption that the incident waves have
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appropriately modest amplitudes. The general velocity potential of any floating structure or
vessel can be expressed using the linear potential theory as the total of the potentials resulting
from diffraction, radiation potential, and undisturbed incoming waves in accordance with the

six body motions (Faltinsen, 1974). That is,
6

¢:¢| +¢D+Z¢j (2.24)
j=1

In the equation (2.24) above, ¢; has been used to represent the solution to the corresponding
radiation potential. ¢, is a representation of the solution of the incident velocity potential and
¢p are the diffracted velocity potentials.

The complex velocity potential ¢ of the oscillating body is expressible as,
7

p=-iw) 4,0, (2.25)
j=0

Here, and from wave theory, the incident velocity potential of the incident waves of small

amplitudes is expressible as,
_ g coshk(z+h)

#(xy,2)= g .W.exp{ik(xcos(x) +ysin(x)} (2.26)

where, k is a representation of wave number and,

2
w

— =k tanh(kh) (2.27)
g

With h being the water depth.

Each component of the complex potential function in equation (2.25) satisfies the Laplace
equation V2¢p = 0 forj = 0,1, ........7

The free surface boundary condition, which is a combination of DFSBC and the KFSBC, is

expressed as;

od 2
%(X, y10)—%¢,— (x, y,O)=O j=01,...7 (2.28)

And the sea bottom boundary condition is expressed as,

09.

a—’(x, y,—h)=0 j=01....7 (2.29)
z

It is preferable to prescribe boundary conditions on the body surface, on the sea bottom and

also on the free surface. Since the body’s motion is assumed to be of small amplitudes, then

the kinematic boundary conditions on the immersed surface on the mean position is,
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¢
— =lwn j=12,...6 2.30
on ) (2.30)
4
—L =iw(Bxn) (2.31)
on the surface of the body Sg.
In (2.31), n is taken to be the unit normal to the body surface vector, and is directed to the body
and B is taken to be the position vector (x, y, z).
The boundary conditions on the body surface are,
—=0ons, (2.32)
on
The operator % is used to indicate derivatives in the outward normal direction from the
body's surface. The radiation condition ¢; is determined by expressing the boundary value
problem in terms of integrals equations and then solving it. For this to be possible, the Green’s
theorem is employed. At a point, let’s say P(x,y, z) on the fluid domain, the velocity potential

due to the pulsating source is expressible in terms of the surface distributions of sources by
Faltinsen (1974) as,

4, (xy,2)=[[5,(&m¢)G(x Y, 2:€,m,¢ ) ds (2.33)

From equation (2.33) above, &; (£,n,¢) is a depiction of the undiscovered source density
functions associated with the j* oscillation mode and G (x, y, z; €, 7, ) is the Green’s function
for the problem and which from (Wehausen & Laitone, 1960) can be represented in two forms.
That is,

]‘i (k+Vv)exp(—kh)coshk (h+b)

=_+_ ksinh (kh)—vcosh (kh)

l 0

coshk(y+h)J,(kR)dk (2.34)

And its series form which is expressed as,

G= Zn%cosh k(y-+h)coshk(n+h)x[ Y, (kR)+iJ, (kR) ] (2.35)
where,

R=I(x—&) +(y-n)'T (2.:36)
r=[(x=&)°+(y-n)"+@z-¢ )2]% (2.37)
L=[(x=8)° +(y-n)’ +(z+2h+¢ Y1 (2.38)
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2

v=2_—k tanh(kh) (2.39)
g

Where k is the dispersion relation equation's real positive root and PV is the integral’s Principal
Value, and it possesses singularities. J, is the zero order Bessel function of the first kind while
Y, is the second order second kind Bessel function of zero order. Wehausen and Laitone (1960)
developed the series form of the Greens function expressed in equation (2.35) in response to
numerous hydrodynamics researchers who have noted that the integral form of the Greens
function represented in equation (2.34) is difficult to use.

Applying the Green’s second identity below,

[[[@ve-6vig)dv=[4 (%—G%}dSZO (2.40)

to equation (2.35) yields,
—275; (X, Y, z)+”5j (é,n,g)i—ﬁ(x, y,z;¢,n,¢)dv=n, (2.41)

The second type of potential, which includes the radiation potential on the body's surface,
is represented by the Fredholm equation (2.41). It's solved by simulating the body with a huge
number of plane quadrilateral elements, each with a constant source density. In the unknown
values of the source density on the elements, this changes the integral equation into a sequence
of linear algebraic equations (Truong, 2022). Equation (2.41) may not always produce the
correct results in circumstances of irregular frequencies. The frequency irregularity, on the
other hand, will not be present if the body has no forward speed.

After determining the source density &;, the normalized potentials ¢;in equation (2.33) can
be calculated using an integration approach that involves integrating sources over
quadrilaterals. The Bernoulli equation will be used to calculate the pressure, as well as the
added mass and damping factors. This makes analyzing restorative forces even easier.

2.5 Numerical Methods

The solution of hydrodynamics problems requires the employment of different numerical
methods. Among several numerical methods which exists are the strip method, the panel
method, the Finite Element Method and the Boundary Element Method. Marine
hydrodynamics encompasses fluid mechanics applications that are relevant to ships, offshore
structures, and other sea-based structures (Deng et al., 2022). Traditionally, these issues were
represented empirically, but breakthroughs in theoretical knowledge and computational power

have allowed much of this work to be transferred to numerical solutions.
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Panel methods are a flexible framework for solving potential-flow problems in marine
hydrodynamics numerically. It is an analysis method which can be used in arriving at
approximate solutions for the forces acting on specific object in a flow and its main goal is
determining the surface velocity and applying the Bernoulli equation to find the local pressure
distributions (Kim & Nam, 2022). The pressure gotten is integrated over the surface to get the
forces generated by the fluid flow. The capacity to show outside flows and bodies with arbitrary
geometrical forms in three dimensions is one of this approach's main features. If the Green
function that meets the extra constraints is known, it is simple to impose additional boundary
conditions such as the free surface using the panel technique. Furthermore, fast advancements
in computer hardware have made panel approaches more accessible in a variety of situations,
from desktops to supercomputers.

Numerical solutions to the Laplace equation in the fluid domain was sought, subject to the
proper boundary conditions, under assumptions of potential theory. Velocity potential was
stated on the body, the fluid was then extended in all directions to infinity, and the solution
specified at infinity in the simplest circumstances (Newman, 1992). The most effective
numerical technique, given the fluid's unbounded nature, was spreading the sources and normal
dipoles on the body surface. Lamb (1932) provides the rationale for this strategy. With the
source intensity equal to the known normal velocity and the dipole moment equal to the
unknown potential, the Greens theorem was employed directly in the potential formulation.
The velocity potential of the body was then solved using a second Fredholm equation. Hess
and Smith (1964) were the first to apply this method to three-dimensional bodies of any shape.

In general, panel methods are ideally adapted to the solution of three-dimensional
hydrodynamic problems and are most effective in cases of structures with large domains such
as the floating platforms because only the boundary of the domain will be discretized (Liu &
Soares, 2022).
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CHAPTER THREE
MATERIALS AND METHODS

3.1 Wave Characters of Ocean Waves
3.1.1 Mathematical Formulation

The fluid motion was three dimensional in the O — xyz plane and waves travelled along the
x direction. The z axis was the vertical axis that was measured upward from the undisturbed
free surface. The O — xy plane lied on the undisturbed free surface. The displacement of
surface water was given by z = n(x, y, t). The wave elevation was assumed to be equal to the
displacement of free surface water. Water depth was taken to be the distance between the sea
bed z = —h and the still water level z = 0. The wavelength of the wave A was assumed to be
greater than the wave amplitude. Since the wave under study is periodic in nature, the wave
period was taken as the time used by one wave to pass a particular point. This problem's

solution was subject to particular boundary conditions.

wavelength

&

Free surface

L4
Amplitude

et

Sea bed vy z=-h

Figure 3.1: Schematic representation of outgoing waves from a source.

28



The figure above is a schematic diagram of the outgoing waves. It was taken that the incoming
waves hit the structure and made it to oscillate. With its oscillation, the body then moved in
different oscillatory and translatory motions and thus causing outgoing waves.
3.1.2 Governing Equations to be Satisfied
For accurate attainment of the velocity potential of the waves from the source, it was
important to keep key considerations on the boundary conditions that governs the study. The
following are the principles and the boundary conditions that guided the attainment and
derivation of the velocity potential;
I.  The flow under study was assumed to be irrotational and a velocity potential ¢ (x, y, z)
existed.
Il.  The Laplace equation V2¢ = 0 was taken to be the governing equation and was
satisfied by the velocity potential.

I1l.  The dynamic free surface condition should exist. That is

aat—¢+ gn=0 (3.1)

IV. The kinematic free surface condition should exist. That is;

on _o¢ (3.2)
ot oz

And from equation (3.1) and equation (3.2), expression (3.3) was arrived at as;

0’ , 0Of

+0—=—=0 ,2z=0 3.3
ot? . o1 (33)
At a time when the velocity potential ¢ oscillates harmonically in time with a circular

frequency w, then equation (3.3) can be expressed as;
—a)2¢+g?=0 at z=0 (3.4)
Z

In these conditions, g is the gravity-induced acceleration.
3.1.3 Velocity Potential of the Outgoing Waves
Considering that the form below represents the elevation of the free surface waves;

n=0¢

The main goal is to identify the potential (¢) that meets each of the previously listed boundary

i(k;xcos@+k,ysin6-at)

(3.5)

conditions assuming that each function depends on one independent function and that the
velocity potential is a representation of the product of functions. The separation of variables
approach can thus be used to solve the Laplace equation in this respect.

Let the incident wave potential take the form given below;
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¢ — f (Z)ei(leCOSHJrkz ysing-wt) (3.6)
In which f represents the restoring forces.

Differentiating the equation (3.6) twice to get the second order derivative gives;

2
f
Vip=—-k*f(2)=0 7
¢ P (2) (3.7)
In which,

k? = k2 + k2 (3.8)
The general solution of equation (3.7) can then be given as;
z=Ne¥ +Je ™ (3.9

Substituting equation (3.9) into equation (3.6) gives;
¢ — (N ekz + Jesz)(ei(k1XCOS€+k2ysin0—a)t)) (310)

Using the Laplace equation and the second order derivative of equation (3.10), the following
results;

Ne ™ " —Je" =0

Ne ™ = Je*" (3.12)
Substituting equation (3.10) into equation (3.4) gives;

(" — gk) N+ (0 + gk) J =0 (3.12)

Writing equations (3.11) and (3.12) in matrix form gives;

ok et

=0
(@ ~gk) (@ + ) (319

Solving equation (3.13) and making w? the subject gives;

e (0" + gk) +e" (0” — gk) =0

ot +gke™ + %" — gke" =0 (3.14)
Collecting the like terms give;

o (6" +e ") —gk(e" —e™")=0

Therefore,

o = gk tanh kh (3.15)

Expressing the wave celerity with the expression below;

=2 (3.16)

k
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And the wave frequency as;

o =./gk tanhkh

o’ = gk tanh kh
Divide both sides of equation (3.17) with g

2
@

— =k tanhkh
g

Multiplying both sides of equation (3.18) by the coefficients of h gives;

o’ h_ kh tanh kh
g

and finding the square root of both sides of equation (3.19) gives;

a)\/E =+/khtanh kh
g

Then;

c= gtanh kh
\/k

Letting Ne™ =Je*

Applying equation (3.13) into equation (3.1) ends up in obtaining the equation below;

_ 1 k(h+z) —k(h+2) i(kxcos 6+kysin 9—amt)
¢= 2 H {e +e }(e )
And by the definition of hyperbolic function, that is;
_ 1 k(h+z) —k(h+z)
cosh k(h+z)_5(e +e )

Substituting equation (***) to equation (3.23) gives;
¢ — (H cosh k (h n Z)) ei(kxcos€+kysin€—wt)

However, equation (3.1) can be expressed as equation (3.25) below

9 __
(at]z—o_ gn

Performing a differentiation on equation (3.24) with respect to time gives;

(aatij — —Ia)H COSh(kh) ei(kxcosa+kysin6—wt)

Applying equation (3.4) to equation (3.26) above gives;
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n= _%{_ICOH COSh(kh) ei(kxcosﬁ+kysin0—a)t)} (327)

Therefore;
_1(o¢
1= (atj (3.28)
1)
Expressing (= _E Hcosh kh (3.29)

and reducing equation (3.28) to the form below;

kxcosg-+kysin6—t)

n=0e" (3.30)
Getting back to equation (3.15) and expressing it in the form below;
2
@ _Ktanhkh (3.31)
g
. sinh kh . .
And since tanh kh = then equation (3.15) can be expressed as;
cosh kh
COZ
— cosh kh =k sinh kh (3.32)
g
From (3.29),
H-_j—39 (3.33)
wcosh kh
And from equation (3.32);
cosh kh =L ksinh kh (3.34)
w
Substituting the equation (3.34) to (3.33) gives;
H-_jdo_1 (3.35)

"k sinhkh
Substituting equation (3.35) into equation (3.24) then the velocity potential due to the incident

waves is given in the form below;

¢ — q_a) COSh k(h+ y) gi(kxcosO+kzsin O—at) (336)
k sinh kh

And since scientifically, the incoming wave was generated from a source, then the velocity
potential in equation (3.36) is taken to predict the outgoing velocity potential generated from a
source that is hit and made to oscillate by this incident wave.

And from Euler’s formula for ordinary trigonometric functions expression (3.09) is true;

iat

e =cosat+isinat (3.37)
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Using equation (3.37) into equation (3.36) gives;
e =[coskxcos 6+ kzsin 0 — wt-+isin(kxcos 6+ kzsin 6 — at) |

—iqw cosh k(h+ z)
k sinh kh

Opening equation (3.38) gives the real and imaginary parts. The real part of the equation is

¢ = [cos(kxcos¢9+kysin6’—wt)+isin(kxcose+kysine—a)t)] (3.38)

presented as;

Qo coshk(h+z)j . .
=| -l — —————= ||isin(kxcos & + kysin 8 — ot 3.39
¢ ( i sinknLeinC ysin0—at)] (3.39)
_ Q9o coshk(h+2z) . o 3.40
b=k sin (kxcos @ +kysin 0 — at) (3.40)

Equation (3.40) is the velocity potential satisfying the boundary conditions mentioned earlier.
3.1.4 Wave Elevation
Equation (3.40) is differentiated with respect to time to obtain the incident wave elevation.
That is;
0¢ _—qo’ coshk(h+2)
ot k sinh kh
Applying equation (3.25) to equation (3.41) gives;
0¢ _qu’coshk(h+2)
ot k sinh kh

The outgoing wave elevation is predicted using equation (3.42), which is the expression for the

cos(kxcos @+ kysin 8 — wt) (3.41)

cos(kx cos @ + kysin 8 — wt) (3.42)

incident wave elevation. Since it is utilized to calculate the vertical motion of water structures
from the undisturbed free surface, wave elevation is a crucial wave characteristic. When coastal
engineers forecast potential ship damage from slamming, this wave character is crucial.
3.1.5 Wave Velocity

In getting the wave velocity, equation (3.40) is differentiated partially along each axis. That
is;

y = decosgcoshk(h+72) cos(kxcos @ +kysin 6 — wt)

sinh kh
V= qosin 9.(:osh k(h+2) cos(kxcos @+ kysin 8 — wt) (3.43)
sinhkh
w= quir_]h k(h+2) sin(kx cos @ + ky sin 8 — wt)
sinh kh

The fluid's local velocities at a distance above the impermeable bottom are expressed by the

equations above. The exponential decays of the velocity component magnitudes with
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increasing depth below the free surface are represented by the hyperbolic functions in equation
(3.43).
3.1.6 Wave Acceleration

Equation (3.43) will be differentiated with respect to time. That is;

2
u _ 4@ COSQCOShk(h+Z)sin(kxcose+kysin9—a)t)

‘ sinhkh
)
v, = G Sin H_COSh K(h+2) sin(kx cos & +kysin 8 — wt) (3.44)
sinh kh
)
W, __4@ 5|_nh k(h+2) cos(kx cos 8+ kysin 6 — wt)
sinhkh

The negative sign shows that the acceleration of the wave is changing with respect to the origin.
3.2 Hydrodynamic Forces acting on a Floating Structure

The body under consideration in this study was a stationary floating body which was
situated in calm water. It was assumed that the body was acted upon by incoming waves
making it to oscillate and produce outgoing waves. In the solution of the wave forces acting
on this body, the Laplace equation V2@ = 0 was taken as the governing equation and since
the problem is a linear boundary value problem, it was important to put linear theory into use.
3.2.1 Response of a Floating Structure in Regular Waves

Offshore structures respond differently to the action of waves. The response of these
structures to waves depends on the modelling of the structure and on the extent at which the
knowledge of hydrodynamic loads was utilized in the design process. Hydrodynamic loads
associated with structures oscillating in the sea are the added mass, damping and restoring
forces and moments. Much has been done regarding the analysis of added mass and damping
coefficients of structures of different shapes. Typically, an assumption is taken that the floating
structures are rigid bodies whose hydrodynamic restoring forces and moments are all due to
the infinitesimal changes of the translatory and rotational displacements (Khair Al-Solihat &
Nahon, 2015).

Studies on restoring forces have remained unworked on for some time. This gives this
research work a lee way of looking into this problem and predicting these wave loads. For this
to be achievable, it was important that added mass and damping coefficients were derived for

they play a role in the analysis of restoring forces.
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3.2.1.1 Added Mass and Damping Coefficients

Added mass and damping are among hydrodynamic loads that are damped around floating,
fixed and moving structures in the sea. Research has it that these hydrodynamic loads are not
easy to analyze but their coefficients can be analyzed. These hydrodynamic loads can be
derived from the generalized form of the Bernoulli equation with the linear terms retained given

as,

__ 0
p=—p=t (3.45)

Since the fluid interacts with the structure in the sea, it does exert some pressure on this
structure and makes it to oscillate and generate radiation forces and moments. These forces
can be analyzed by performing an integration of the Bernoulli equation over the wetted

surface of the body. This can be expressed as,

(;HI p[?xﬁjds (3.46)

Where 7 is the unit normal vector acting on the body surface while 7 is the position vector
(x,y,z). On substituting equation (3.45) into (3.46),

(o)==l 6

Equation (3.47) has both the radiated force component and the radiated moment component.
The point of interest with respect to hydrodynamic loading is the radiated force component

which is represented as,
o .
F. =—p|| =£ndS 3.48
R P!{ ot ( )

Considering that the waves under study are small amplitude waves, then the complex

amplitudes are taken to be independent parameters. This then follows that,

0.

9% _ iwn j (3.49)

an

On making n; the subject, then equation (3.49) becomes,
1 0¢.

n __ 1% (3.50)
io On

Substituting equation (3.50) to (3.48) gives,
. s

F - _'ﬁﬂ%ﬁds (3.51)
oy ot on
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From Newman (2018), the total velocity potential acting on the body is represented as,

$01.1.2) =103 £, + A6 4o @52)

Which can further be represented as a time harmonic factor as,

#(x,y,2,t)=Re {—iwzﬁ‘,f,—%ei“’t + Al + o) ei‘”t} (3.53)
=

Differentiating the first term of the right-hand side of equation (3.53) gives,

Zf ReZa) Epe” (3.54)

Substituting equation (3.54) to (3.51) we get,

F.=p RejZ:ia)fjei“’t !J‘ @, aa—‘f;ds (3.55)

Equation (3.55) above is a representation of the radiated force component. This is a complex
component which is also representable as a sum of the product of added mass and

acceleration and the product of damping and velocity and is expressible as,
pReZua)g e'“’t”gb ‘dS ENA +EB; (3.56)
Simplifying equation (3.56) further gives,
B,
p gﬂnj = A+t (357)
Equation (3.57) then takes the form,
o4

fi=p l j ¢ Eds (3.58)
Equation (3.57) is a complex form and the force component is expressible as,

f; =0’ A +iwB; (3.59)

From equation (3.59), the added mass coefficient and the damping coefficient can be derived.
That is,

A :%Re| i) (3.60)

Which is the real part and is expressible from equation (3.58) as,

_=—ReZZpH (3.61)

j=1 j=1

The damping coefficient is representable as,
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B. =1|m| fi| (3.62)

i
! [0

Which is then representable as,
1 &3 0
B =— |mZijja—ﬁ¢jds (3.63)
==l s,

3.2.1.2 Restoring Force Coefficients

From Newton’s third law of motion, for every action, there should be an equal and opposite
reaction. Therefore, for every exiting force there is an opposite and equal restoring force that
tries to bring a body back to its equilibrium position. The study of restoring forces is essential
in modelling structures with high stability. Coefficients of restoring forces were analyzed from
relating added mass and damping coefficients to wave acceleration and velocity. This brings
the correlation that exist between wave characters and added mass and damping coefficients in
the attainment of coefficients of restoring forces.
3.3 Body Response in various degrees of motion

Heave motion is the up and down movement of a ship when acted upon by waves. The
coefficient of the heave motion is taken to be ;.

Taking the wave amplitude in the heave oscillation to be
;3 = noei{Ut-E (3.64)

and for a sinusoidal motion,

7, = o™
N N (3.65)
lon, =n,k
Differentiating equation (3.65) once and substituting equation (3.64) into (3.65) gives;
iy =—'n,e" K (3.66)

A function u,, , which is the body velocity and which is normal to the body, is introduced.
Then,

u, ~n. 1
L (3.67)
ion,e™ k.n =ﬁ(k.n)
In the fluid;
V=vg (3.68)

And the normal velocity on the surface is given as;
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v, =9 (3.69)
on

On giving a definition such that;
@, ( r,tJ = ion,e"" ¢, ( r} (3.70)

Where iwnye™* is a time dependent function and ¢ (#*) is a space dependent function.
With considerations that the normal body velocity equals the normal velocity of the fluid, u,, =

v, then the normal velocity of the fluid is expressed as;

V. =nve,

(- 9 (3.71)
1, (n -V¢3j = 7738_?73

And the normal velocity on the body surface is expressed as;
u, =ﬁ3(k.nj (3.72)

Since the normal velocities in the body surface equals the normal velocities in the fluid then;

un :Vn

() .0 3.73

() 28 @73
on

And % = 7. k on the body surface.

—

Letting k = &5 along the z axis gives;

% o

.e 3.74
on ? ( )

SBody
This is a representation of the heave motion.

The same is repeated on all the 6 degrees motions to give the following general representation;
04,

Do 3.75
on sy, (3.79)
j is a representation of direction of motion of the body in its six degrees of freedom.
From these boundary conditions, the coefficients of restoring forces will be derived.
The radiated force equation (3.59) can be rewritten as,
F. =(a+ib)7.
j ( ) i (3.76)

aij, +ib (icwn, ) = aij, — b,

Where;
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F; =an, _a)bﬁj (3.77)

i is a representation of the force direction and j is a representation of the motion direction.

Then by definition and since the force should act in the opposite direction,

_Ajﬁj - B|jﬁj (3.78)
The equation above is a representation of restoring forces. Therefore, restoring forces is a sum
of the added mass and the damping effect. Where in our equation,

Aij ==

—a and is a representation of added mass which is the force component that is
proportional to the acceleration of the body.

B;; = wb and is a representation of damping which represents the force component that is
proportional to the velocity of the body.

From equation (3.61) and (3.63) the coefficients of added mass and damping are as follows;

| =—ReZZ [ s (3.79)
=_|mzzp”_¢ ds (3.80)

Substituting equations (3.67) and (3.68) into (3.66) gives the coefficient of restoring forces as;

Rezzpjsj—qﬁ ds] [ ImZZpI!—gb dsJ (3.81)

i=1 j=1 i=1 j=1

Where 7j and 7) are the wave acceleration and velocities respectively. The restoring coefficient
has a negative sign since the body is trying to bring back its equilibrium position.

In this study, a floating rectangular box was used in obtaining wave restoring forces. Its
dimensions were taken to be, Length, L= 2.25m, Breadth, B=2.25m and the Draught, D to be
1.00m. These measurements were taken as those used by Ngina et al. (2015), who worked on
wave exciting forces, for ease of validation. A Fortran code was then generated and the program
included the mathematical formulations that had initially been derived. The results from this
study are in agreement with Ngina et al. (2015) who analyzed wave exciting force and those

of Endo (1987) who worked on the scattering effect on shallow waters.
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CHAPTER FOUR
RESULTS AND DISCUSSION
The unending cases of washing away and capsizing of offshore floating structures have
prompted more studies to be done on the same. That motivated this study to be done and the

following are graphs for discussion.

—a— (h=1.0)
75 —K— (h: 1. 5)
6 -
frequency
5
h -
W [—
g ) 44
34
——a
2 - . B )
e v -
14 //l//r
0 /./ T I | | I I
0 j : | |

wave number (T(h)

Figure 4.1: Dispersion relation of incident waves at different water depth
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Figure 4.2: Relationship between wave elevation, velocity and acceleration in z-direction for
water depth h = 2.0
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As a way of getting proper understanding of wave restoring forces, it is important to have a
clear understanding of dispersion relation and how wave characters change with respect to
change in water depth. Since wave characters of incoming and outgoing waves are
scientifically taken to be same, the characteristics of incident waves were used in this research
to predict the characteristics of outgoing waves. Figure 4.1 is a representation of dispersion
relation of the wave frequencies and wave numbers under varying water depths. Analysis of
dispersion relation is of great importance in this study since the motion under study is
oscillatory and is quite easier to analyze it using the frequency domain approach as compared
to the time domain approach which will need step functions. Dispersion relation brings the
relationship between wave frequency and the wavelength of the wave which is of importance
to offshore engineers. It is evident from the graph that waves around smaller values of h are
less dispersive. Otherwise, an increase in values of h increases wave dispersion. This is in
agreement with theories of shallow waters where shallow water waves are less dispersive
because water depths at these levels are shorter than the wavelengths. This therefore enables
the waves to travel at the same speed.

The results explain why waves away from the shores always rise at greater heights as
compared to the waves near the shores that travels in groups. These results are therefore of
importance to offshore engineers in ensuring that floating structures are not placed so far from
the shores where wave dispersion is high. Otherwise, if need be, they should be modelled with
high restorative forces to counter the effects of high wave dispersion.

Figures 4.2, 4.3, 4.4 are a representation of the relationships between wave elevation,
velocity and acceleration with varying depths from the shores. It is evident, from figures 4.2,
4.3 and 4.4, that with changes in depth the wave accelerations keep changing while elevation
and velocity remains constant. From these figures it is worth noting that velocity and
displacement are 90° out of phase while displacement and acceleration are 180° out of phase
and this is true from the theories of physics of water waves. It is also good to note that the
amplitudes of wave acceleration are quite higher than those of wave velocity.

The changes in wave acceleration that is depicted in these graphs are because of the changes
in water frequencies with distances away from the shore. For instance, as the distance away
from the shore increases, the wave frequencies increase and so does the wave amplitudes and
this results in high accelerations. An increase in acceleration causes a subsequent increase in
dispersion of the water waves and can in critical conditions result to standing waves which if
not countered with high restoring forces, in the structures, results in capsizing or washing away

of the structures.
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Since acceleration of water waves is proportional to the acceleration of the structure, it
therefore means that structures operating away from the shore experiences high accelerations
which should be controlled by incorporating the knowledge of restoring forces in the design of
these structures. These ensures that regardless of the high accelerations that are experienced by
these structures, they still can assume their equilibrium positions because of the presence of
restorative forces.

Figure 4.5 is a representation of heave added mass against frequency for a heaving
rectangular box. The x-axis is a representation of non-dimensional frequency while the y-axis
is a representation of heave added mass. From the graph, it is evident that with an increase in
frequency, the heave added mass decays drastically. However, this is only evident up to some
point that the decrease stops and the rate of heave added mass becomes constant. The results
obtained are in agreement with those obtained by Juma et al. (2020) and that obtained by
Endo (1987).

Figure 4.6 is a representation of heave damping coefficients against non- dimensional
frequency. The x-axis is a representation of non-dimensional frequency while the y-axis is a
representation of heave damping for a heaving rectangular box. From the graph, it is evident
that heave damping increases with an increase in frequency up to a point that it acquires a
maximum turning point and then begins to drop drastically with a further increase in
frequency. This is in agreement with the literature on Wehausen and Laitone (1960) that
heave damping goes to zero as frequency approaches infinity. The results obtained are in full
agreement with those obtained by Juma et al. (2020) and confirms with the model of Endo
(1987).

From figure 4.7, it is observed that the surge restoring force keeps on increasing with an
increase in frequency until it attains a maximum turning point where the restoring force decays.
As a way of bringing comparison between the exciting and the restoring force, the data of this
work was validated against those of Ngina et al. (2015) and the results are seen to converge
and in full agreement. This therefore fully satisfies Newtons third law of motion. The action in
this case being the wave exciting force and its reaction being the wave restoring force. In nature,
forces occur in pairs and a force cannot be exerted on a body without the same body
experiencing a force itself that tries to counter that force which is acting on it. This therefore
brings the idea that for an offshore structure to maintain its equilibrium position, it should be
ensured that the magnitude of restoring force should be equal to the magnitude of the exciting
force that makes the structures to oscillate. The intent of this work was to show that in order to

maintain the general stability of an offshore structure, it is important to ensure that the restoring
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forces of the structure are modelled in a way that ensures that they are going to equally counter
the exiting forces acting on them and ensure general stability, workability and safety of the
structure.

Figure 4.8 shows the relationship between water depth and the intensity of restoring force.
This brings comparison on the intensities of restoring forces at different depths. It is observed
from the graph that with an increase in depth, there is a subsequent decrease in restoring force.
This means therefore that towards the shores there are high restoring forces to counter the high
exciting forces that are felt here due to the wave breaking that normally occurs. This is in
agreement with the work done by Endo (1987) on scattering effect of shallow waters which
explains why Tsunami waves are always so catastrophic and causes a lot of destructions.
Respectively, it means that offshore structures that are operating in deep waters, with low
restoring forces, should be modelled with inclusion of knowledge of restoring forces. This is
because off the shore and in greater heights below the free surface, the waves are much stronger
and causes the structures to oscillate. With low restoring forces, off the shores, these structures
will not be able to maintain their equilibrium position and operate normally. That is why it is
important that offshore engineers should incorporate the knowledge of restoring forces in the
modelling of such structures to ensure its general stability, workability and safety of all those
who are onboard. This is because the actual ocean environment is realistically very chaotic
and structures undergo random movements which should be controlled by incorporation of

knowledge on restoring forces in their modelling and design.
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CHAPTER FIVE
CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

The chaotic ocean environment has always caused damages both to offshore structures and
deaths to people working in them. Researchers in the field of hydrodynamics have been
conducting research on hydrodynamic loads but their work has not been sufficient enough to
handle the problem. In addition, offshore structures are subjected to different types of loading
due to the continuous and unpredictable changes that happens in the ocean. Therefore, it is of
importance to put key emphasis on restoring forces just like any other hydrodynamic load.

This research has added to the body of knowledge on wave loads and especially on restoring
forces with an aim of having the problems of washing away and capsizing solved. In this study
the restoring forces of a rectangular barge were analyzed for an offshore structure and
magnitude of restoring forces varied at different depths. To do that, the incident wave
characters were used as a prediction of the outgoing wave characters. Here, the Laplace
equation was used as the governing equation hand in hand with the assumptions which were
set both on the body surface and the free surface. This aided in the analysis of outgoing wave
characters which are of importance in the prediction of wave restoring forces

Added mass and damping coefficients were derived from the integration of the Bernoulli
equation over the wetted body surface. Wave restoring forces were then derived from putting
together coefficients of added mass and damping and those of velocity and acceleration. The
series form of the Greens function that was used by Ngina et al. (2015) was used in this study.

This research has clearly been able to bring out the relationship between wave exciting
forces and the restoring forces. From the graphs, and in great agreement with Newtons third
law of motion, it is clear that there is great relationship between exciting and restoring forces.

With this work, offshore engineers can now be keen on the modeling of offshore structures.
That is, they should realize that as one moves deep into the sea, restorative forces decrease
which therefore implies that the offshore structures should be modelled with adequate restoring
forces. This will then ensure that these structures maintain their equilibrium positions amidst
the strong effects of the waves.
5.2 Recommendations

Knowledge from this study can be used variedly. It can be used by offshore engineers in
construction of structures that are dependable and highly resilient. The results obtained from

this research can be used by offshore engineers who work on oil and drilling platforms in order
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for them to construct structures which have high restorative forces and which are efficient
despite the rough nature of the sea environment.

The research can be extended further to the analysis of wave restoring moments for a
rectangular barge oscillating at zero forward speed.
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Analysis of Surface Wave Characters in the
Prediction of Wave Restoring Forces
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Abstract

Floating and offshore structures are prone fo water waves and are affected by waves in different ways. These structures generate their own waves when oscillating in
water. The generated waves have varied impacts on the structures and on other offshore bodies. The commanly known impact is the creation of periodic loads which
are the added mass, damping and the restoring moments and forces. Restoring forces act on the body to bring it back to the steady equilibrium state. Restoring forces
are therefore important to ocean and marine engineers in modelling of both offshore and floating bodies. To date, very little has been done on this area. In fact nobody
has come up with a connectivity between the outgoing wave characters and the restoring forces. This work is concemned about the outgoing wave characters in the
production of comesponding restoring forces. To do this, it is scientifically correct to say that the incoming and outgoing waves have the same characters and due to
this similarity, the wave characters of incoming waves have the same characters as those of outgoing. Such to be analyzed include; wave elevation, velocity and
vertical acceleration. The aim of this paper, therefore, is fo analyze these wave characters and determine how they behave at different heights away from the shore.
Itis of great importance to note that the analysis of these wave characters was a success because of the presence of a velocity potential which is derived by the
method of separation of variables and by use of governing boundary conditions. This paper also touches on the dispersion relation of water waves and an analysis
was done to show how these waves disperse at different depths on or away from the shore.

53




Appendix I1: Research permit

REPLRLE O KN NATHISAL COMMISSION TOR
SCHNOETECHNOLOGY & INNOYATION

Ref No: 190016 Dute of losse: 4MAGgua/202) |

Thin i te Cortly thae Mr.. KENET MILEARY of Egertoa Laberdry. ban boen Boensed (o conduct research as por Bie provinkes of |
1he Sckace, Techoalogy and lanes a8as Act 2015 (Rev.2004) In Nakure oo @ wpk= ANALYSISOF WAVE RESTORING
FORCISDLETOOSCILLATION OF A RECTANGULAR BARCE AND THEIREFFECTS ON CONSTRUCTION OF
OIFSHORESTRUCTL RES far the periad endiag : 24MAugawo24.

Lccmme Noc NSACOSTWIINISS

ek I\l

Applicant Meanficaien Namber Durecsor Gereral
NATIONAL COMMISSION MO
SCIENCLETECHNGLOGY &
INNOVATION

NOTE: This s a at To verily the sumd y of B &x

¥ L

Scan the OF Code wning O scasacr applicaion.

Sew overkal for condilons

54



Appendix I111: FORTRAN Code
program main

use surface_integral

use surface_coordinates

implicit none

linteger m,n,p

integer, parameter:: m=4
integer, parameter:: n=4
integer, parameter:: p=3
integer, parameter:: mm=2*(m-1)*(n-1)+2*(m-1)*(p-1)+2*(n-1)*(p-1)

real(8):: x(mm,3,4),x1(mm,3,4),xf1,yfl,zf1,xgs,ygs,zgs,xf2,yf2,2f2, Tx, Ty, Tz,St
real(8):: NN(mm,6),Pi,grl,gr2

real(kind=8),external::Gh,Ght,Ghtt

complex(kind=8),external::Fh,Gx,Gy,Gz

integer:: i,j,k,t,Ht, Mt,r

real(8):: ADM(6,6),DAM(6,6),BSS,ASS(mm),ASS1(mm),ASS2(mm),RF(6,6)
real(8):: Aaa(mm,mm),Abb(mm,mm),RR1(mm,mm),RR2(mm,mm)

real(8):: Acc(mm,mm),Add(mm,mm),RR3(mm,mm),RR4(mm,mm)

real(8):: XN,XM,grav,gN,qK,h,Hp,Hq,Hr,Lx,Ly,Lz,Dx,v,u,kl,q

real(8):: KN,KD,KC,KM

complex(8):: AA(mm,mm),BB(mm,mm),XX(mm)

complex(8):: AAL(mm,mm),FF1(mm,mm),BB1(mm)

real(8)::
Ar(mm,mm),Ai(mm,mm),Br(mm),Bi(mm),XXr(mm),XXi(mm),XXc(mm),As(mm,mm),Bs(
mm),Cs(mm,mm),Ds(mm)

real(8)::panel(3,4,(2*n*p+2*m*p+2*m™*n)) ! the panel grids on the whole box
integer |

DIMENSION JS(mm)
DOUBLE PRECISION js
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call cpu_time(Tx)

IKN=0.01437007

IKN=0.005 !Surge

KN=0.00000125 !'Heave

IKN=0.0651437007 !'Common for Surge, Sway and Heave (To be used)
IKN=0.01 !Common for Surge, Sway and Heave (To be used)
IKN=0.0150538

IKN=0.0085

INKN=0.06250538

IKM=0.00001437007
Pi=3.1415927

grav=9.81

Hp=90.0; Hg=90.0; Hr=40.0
Lx=Hp/Hr; Ly=Hq/Hr; Lz=Hr/Hr

kl=Lx
Dx=Lz
h=1.6*Dx

Igr1=-0.5*(grav/Lx)**0.5
1gr2=2.0*(grav/Lx)**0.5
gr1=0.0*(grav/Dx)**0.5
gr2=5.0*(grav/Dx)**0.5

call rect_surface(m,n,p,Lx,Ly,Lz,panel)
open(30,file="panel.txt’)

do j=1,mm
read(30,%)
x(j,1,1),x(j,2,1),x(j,3,1),x(j,1,2),x(j,2,2),x(j,3,2),x(j,1,3),x(j,2,3),X(j,3,3),X(j,1,4),%(j,2,4) X (},3,
4)
x1(j,1,1)=x(j,1,1); x1(j,2,1)=x(j,2,1); x1(j,3,1)=x(j,3,1)
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x1(j,1,2)=x(j,1,2); x1(j,2,2)=x(j,2,2); x1(j,3,2)=x(j,3,2)
x1(j,1,3)=x(j,1,3); x1(j,2,3)=x(j,2,3); x1(j,3,3)=x(j,3,3)
x1(j,1,4)=x(j,1,4); x1(j,2,4)=x(j,2,4); x1(j,3,4)=x(j,3,4)
enddo
close(30)

Open(43,file="mm.txt")
10pen(44,file='"Result for ADM(K,t).txt")
10pen(45,file='"Result for DAM(K,t).txt")
Open(46,file="Result for RF(Kk,t).txt")
lopen(300,file="v.txt")
lopen(301,file="XN.txt")
open(304,file="Tz.txt")

Ido gN=gr1,9r2,0.2

Ido qK=0.0099,10.2,0.2

Ido qK=0.004,5.0,0.2 !'1

do qK=0.00001,4.6,0.2 2
gN=gK

1g=gN*sgrt(kl/grav) !1
10=0.9524*qN*sqrt(kl/grav) 2
g=0.9*qgN*sqrt(kl/grav)

call Newton_KN(gN,grav,h,KD)

KN=KD

KM=KD

XN=KN/h/(2.0*Pi)

XM=KM/h/(2.0*Pi)
v=XN*tanh(KN*h)
u=XM*tan(KM*h)

lwrite(300,*) v
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do i=1,mm

xf1=0.25*(x(i,1,1)+x(i,1,2)+x(i,1,3)+x(i,1,4))

yf1=0.25*(x(i,2,1)+x(i,2,2)+x(i,2,3)+x(i,2,4))

zf1=0.25*(x(i,3,1)+x(i,3,2)+x(i,3,3)+x(i,3,4))

do j=1,mm
call

guass_surface(Gh,Ght,Ghtt,Fh,Gx,Gy,Gz,xf1,yf1,zf1,x1(j,:,:),KN,KM,XN,XM,v,u,h,BB(i,),
AA(i,J),ASS(j),ASS1(j),ASS2(j))

call Aeal(xfl,yf1,zf1,x1(j,:,:),h,Aaa(i,j),Abb(i,}))
call Aea2(xf1,yf1,zf1,x1(j,:,:),h,Acc(i,j),Add(i,j))
call Normal_Direction(X1(j,:,:),NN(j,1:3))
xf2=0.25*(x1(j,1,1)+x1(j,1,2)+x1(j,1,3)+x1(j,1,4))
yf2=0.25*(x1(j,2,1)+x1(j,2,2)+x1(j,2,3)+x1(j,2,4))
zf2=0.25*(x1(j,3,1)+x1(j,3,2)+x1(j,3,3)+x1(j,3,4))
NN(j,4)=(yf1-yf2)*NN(j,3)-(zf1-zf2)*NN(j,2)
NN(j,5)=(zf1-zf2)*NN(j,1)-(xf1-xf2)*NN(j,3)
NN(j,6)=(xf1-xf2)*NN(j,2)-(yf1-yf2)*NN(j,1)
RR1(i,j)=Aaa(i,j)
RR2(i,j)=Abb(i,j)
RR3(i,j)=Acc(i,j)
RRA4(i,j)=Add(i,j)

enddo

enddo

write(43,*) mm

do i=1,mm
do j=1,mm
IF (i==j) THEN
FF1(i,j)=-2.0*Pi
ELSE
FF1(3i,j)=AA(i,j)
END IF

enddo
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enddo

do k=1,3
do i=1,mm
BB1(i)=0.0
do j=1,mm
AAL(i,j)=FF1(i,j)+RR2(i,j))+RR4(i,))
BB1(i)=BB1(i)+(BB(i,j)+RR1(i,j)+RR3(i,j))*NN(j k)
IEND IF
enddo
enddo
do i=1,mm
Br(i)=REAL(BBL1(i)); Bi(i)=IMAG(BB1(i)); Bs(i)=0.0; Ds(i)=0.0
do j=1,mm

Ar(i,j)=REAL(AAL(I.))); Ai(i,)=IMAG(AAL(i,)));
As(ij)=Ar(ij)*Ar(ij)+AiLi)*AIGL);
Bs(i)=Bs(i)+Ar(i,j)*Br(i)+Ai(i,))*Bi(i); Cs(i,j)=As(i,j);
Ds(i)=Ds(i)+Ar(i,j)*Bi(i)-Ai(i,j)*Br(i)
enddo
enddo
CALL AGAUS(As,Bs,mm,XXr,L,JS)
CALL AGAUS(Cs,Ds,mm,XXi,L,JS)

do t=1,3
ADM(k,t)=0.0; DAM(k,t)=0.0 ; RF(k,t)=0.0
do j=1,mm
ADM(k,t)=ADM(K,t)+XXr(j)*ASS(j)*NN(j,t) 10.2*
DAM(Kk,t)=DAM(K,t)+gK*XXi(j)*ASS(j)*NN(j,t) '0.1*
RF(k,t)=-RF(k,t)+ADM(K,t)*ASS2(j)-DAM(k,t)*ASS1(j)
enddo
Iwrite(*,*) g, ADM(k,t),DAM(k,t)
write(*,*) q,RF(Kk,t)
enddo

59



enddo
Iwrite(44,8) q,ABS(ADM(1,1)),ABS(ADM(2,2)),ABS(ADM(3,3))
Iwrite(45,8) ,ABS(DAM(1,1)),ABS(DAM(2,2)),ABS(DAM(3,3))
write(46,8)
q,ABS(RF(1,1)/625)/1000*5.39125*2.0*0.5,ABS(RF(3,3)/625)/1000*5.39125
lwrite(301,*) q,KN
enddo

8 FORMAT(12F10.5,I3)

call cpu_time(Ty)

Tz=Ty-Tx

IF (Tz>=3600) THEN

Ht=Int(Tz/3600)

Mt=Int((Tz-3600*Ht)/60)
St=Tz-3600*Ht-60*Mt

ELSE IF (60<=Tz<3600) THEN

Ht=0

Mt=Int(Tz/60)

St=Tz-60*Mt

ELSE

Ht=0

Mt=0

St=Tz

END IF

write(*,*) 'the running time is', Ht, 'hours', Mt, 'mins’, St, 'secs'
write(304,*) Ht, 'hours', Mt, 'mins’, St, 'secs'
Iwrite(304,*) Tz

end program

function Gh(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h)
implicit none

60



real(kind=8) Gh,xf1,yf1,zf1,xgs,ygs,zgs

real(8):: KN,KM,A,B,z,g,Pi,e x,y,kt

real(8):: XN,XM,v,h, u

IGh=1.0

y=2.0

g=10

Pi=3.142

B=-Pi

e=0.1

k=KN 12

h=h

x=0.5

z=0.5

t=0.7125

lopen(1,file="Gh.text')

lopen(2,file="U.text")

lopen(3,file="Ut.text")

A=sqrt((g*k)*tanh(k*h))

Ido t=0,50.0,1.5

IU=-A*cos(B)*(cosh(k*h+k*y)/(5*sinh(k*h)))*cos(k*x*cos(B)+k*z*sin(B)-A*t)

IUt=A*A*cos(B)*(cosh(k*h+k*y)/(50*sinh(k*h)))*sin(k*x*cos(B)+k*z*sin(B)-A*t)
1Along z-Axis

Gh=A*A*(cosh(k*h+k*z)/(k*10*sinh(k*h)))*cos(k*x*cos(B)+k*y*sin(B)-A*t)

lwrite(*,*)t,Gh

Iwrite(1,*)t,n,U,Ut

lend do

lend program

end function

function Ght(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h)
implicit none

real(kind=8) Ght,xf1,yf1,zf1,xgs,ygs,zgs

real(8):: KN,KM,A,B,z,g,Pi,e,x,y,k,t

real(8):: XN,XM,v,h, u
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IGht=1.0

y=2.0

g=10

Pi=3.142

B=-Pi

e=0.1

k=KN 12

h=h

x=0.5

z=0.5

t=0.7125

lopen(1,file='Ght.text’)

lopen(2,file="U.text")

lopen(3,file="Ut.text")

A=sgrt((g*k)*tanh(k*h))

Ido t=0,50.0,1.5

1U=-A*cos(B)*(cosh(k*h+k*y)/(5*sinh(k*h)))*cos(k*x*cos(B)+k*z*sin(B)-A*t)

IUt=A*A*cos(B)*(cosh(k*h+k*y)/(50*sinh(k*h)))*sin(k*x*cos(B)+k*z*sin(B)-A*t)
IAlong z-Axis

Ght=A*A*A*(cosh(k*h+k*z)/(k*10*sinh(k*h)))*sin(k*x*cos(B)+k*y*sin(B)-A*t)

lwrite(*,*)t,Ght

Iwrite(1,*)t,n,U,Ut

lend do

lend program

end function

function Ghtt(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h)
implicit none
real(kind=8) Ghtt,xf1,yf1,zf1,xgs,ygs,zgs
real(8):: KN,KM,A,B,z,g,Pi,e,x,y,k,t
real(8):: XN,XM,v,h, u
IGhtt=1.0
y=2.0
0=10
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Pi=3.142

B=-Pi

e=0.1

k=KN 12

h=h

x=0.5

z=0.5

t=0.7125

lopen(1,file="Ghtt.text")

lopen(2,file="U.text")

lopen(3,file="Ut.text’)

A=sgrt((g*k)*tanh(k*h))

Ido t=0,50.0,1.5

1U=-A*cos(B)*(cosh(k*h+k*y)/(5*sinh(k*h)))*cos(k*x*cos(B)+k*z*sin(B)-A*t)

IUt=A*A*cos(B)*(cosh(k*h+k*y)/(50*sinh(k*h)))*sin(k*x*cos(B)+k*z*sin(B)-A*t)
IAlong z-Axis

Ghtt=-A*A*A*A*(cosh(k*h+k*z)/(k*10*sinh(k*h)))*cos(k*x*cos(B)+k*y*sin(B)-A*t)

Iwrite(*,*)t,Ghtt

Iwrite(1,*)t,n,U,Ut

lend do

lend program

end function

function Fh(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h)
luse IMSL
implicit none
real(8)::xf1,yf1,zf1,xgs,ygs,zgs
real(8)::y,Zxy,Vc,G1
real(8)::B,C,D,C1,C2,C3,CC,DD
real(8)::k5,k6,R1,R2,R3,R4,Pi
real(8):: KN,KM
real(8):: XN,XM,v,u,h,U1,U2
complex(kind=8)::Fh,A,AA
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complex, parameter:: i=(0,1)
INTEGER, PARAMETER:: N=0
DOUBLE PRECISION X1,X3,J0,Y0,P0,Q0,MBSL1,MBSL?2

Pi=3.1415927
k5=KN
k6=KM

Zxy=(xf1-xgs)**2+(yfl-ygs)**2
Vce=sqrt(Zxy)
y=(Vc)**2
R1=Zxy+(zf1-zgs)**2; R2=Zxy+(zf1+2.0*h+zgs)**2
R3=sqrt(R1); R4=sqrt(R2)
X1=k5*Vc
X3=k6*Vc
JO=MBSL1(N,X1)
Y0=MBSL2(N,X1)
PO=MBSL1(N,X3)
Q0=MBSL2(N,X3)
IU1=(zgs+h)/h; U2=(zf1+h)/h
Ul=(zgs+h); U2=(zf1+h)

A=cosh(k5*U1)*(Y0+i*J0);B=cosh(k5*U2); C=2.0*Pi*(v*v-XN*XN);
D=(XN*XN)-(v*v)+v Iwith h
AA=-0.5*Pi*cos(KM*U1)*cos(KM*U2)*(Q0+i*P0);
CC=4.0*(XM*XM+u*u); DD=(h*XM*XM)+(h*u*u)-u
C1=1.0/R3; C2=1.0/R4; C3=C2
G1=C/D
Fh=G1*B*A

end function

function Gx(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h) x11=xfl, yl1l=yfl, z11=zf1
luse IMSL
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implicit none

real(kind=8) xf1,yf1,zf1,xgs,ygs,zgs 'x11=xf1, y11=yfl, z11=zf1
real(8)::y,Zxy,Vc,VvVd,G2

real(8)::B,C,D,C1,C2,C3,C31,CC,DD
real(8)::k5,k6,R1,R2,R3,R4,Pi

real(8):: KN,KM

real(8):: XN,XM,v,u,h,U1,U2

complex(kind=8)::Ax,Gx,AA

complex, parameter:: i=(0,1)

INTEGER, PARAMETER:: N=0

DOUBLE PRECISION
X1,X2,X3,X4,J0,Y0,P0,Q0,Mx,Nx,Ux,VXx,MBSL1,MBSL2,MBSL6,MBSL7

Pi=3.1415927
k5=KN
k6=KM

Zxy=(xf1-xgs)**2+(yfl-ygs)**2

Vc=sqrt(Zxy)

Vd=(xf1-xgs)

y=(Vc)**2

R1=Zxy+(zf1-zgs)**2; R2=Zxy+(zf1+2.0*h+zgs)**2
R3=sqrt(R1); R4=sqrt(R2)

X1=k5*\/¢
X2=K5*k5*V/d
X3=k6*V/c
X4=k6*k6*Vd
J0=MBSL1(N,X1)
Y0=MBSL2(N,X1)
PO=MBSL1(N,X3)
Q0=MBSL2(N,X3)
Mx=MBSL6(N,X1,X2)
Nx=MBSL7(N,X1,X2)
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Ux=MBSL6(N,X3,X4)
Vx=MBSL7(N,X3,X4)
IU1=(zgs+h)/h; U2=(zf1+h)/h
Ul=(zgs+h); U2=(zf1+h)

Ax=cosh(k5*U1)*(Nx+i*Mx);B=cosh(k5*U2); C=2.0*Pi*(v*v-XN*XN);
D=(XN*XN)-(v*v)+v !with h

AA=-0.5*Pi*cos(KM*U1)*cos(KM*U2)*(Vx+i*Ux);
CC=4.0*(XM*XM+u*u); DD=(h*XM*XM)+(h*u*u)-u

C1=1.0/R3; C2=1.0/R4; C3=C1+C2; C31=(-(xf1-xgs)/(R2*R4))

G2=C/D

Gx=G2*B*Ax

end function

function Gy(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h) x11=xf1, y11=yfl, z11=zf1
luse IMSL

implicit none

real(kind=8) xf1,yf1,zf1,xgs,ygs,zgs 'x11=xf1, y11=yfl, z11=zf1
real(8)::y,Zxy,Vc,Ve,G2

real(8)::B,C,D,C1,C2,C3,C31,CC,DD

real(8)::k5,k6,R1,R2,R3,R4,Pi

real(8):: KN,KM

real(8):: XN,XM,v,u,h,U1,U2

complex(kind=8)::Ay,Gy,AA

complex, parameter:: i=(0,1)

INTEGER, PARAMETER:: N=0

DOUBLE PRECISION
X1,X2,X3,X4,J0,Y0,P0,Q0,My,Ny,Uy,Vy,MBSL1,MBSL2,MBSL6,MBSL7

Pi=3.1415927
k5=KN

k6=KM
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Zxy=(xf1-xgs)**2+(yfl-ygs)**2

Vce=sqrt(Zxy)

Ve=(yf1-ygs)

y=(Vc)**2

R1=Zxy+(zf1-zgs)**2; R2=Zxy+(zf1+2.0*h+zgs)**2
R3=sqrt(R1); R4=sqrt(R2)

X1=k5*Vc
X2=k5*k5*Ve
X3=k6*Vc
X4=k6*k6*Ve
JO=MBSLI(N,X1)
Y0=MBSL2(N,X1)
PO=MBSL1(N,X3)
Q0=MBSL2(N,X3)
My=MBSL6(N,X1,X2)
Ny=MBSL7(N,X1,X2)
Uy=MBSL6(N,X3,X4)
Vy=MBSL7(N,X3,X4)
IU1=(zgs+h)/h; U2=(zf1+h)/h
Ul=(zgs+h); U2=(zf1+h)

Ay=cosh(k5*U1)*(Ny+i*My);B=cosh(k5*U2); C=2.0*Pi*(v*v-XN*XN);
D=(XN*XN)-(v*v)+v lwith h

AA=-0.5*Pi*cos(KM*U1)*cos(KM*U2)*(Vy+i*Uy);
CC=4.0*(XM*XM+u*u); DD=(h*XM*XM)+(h*u*u)-u

C1=1.0/R3; C2=1.0/R4; C3=C1+C2; C31=(-(yf1-ygs)/(R2*R4))

G2=C/D

Gy=G2*B*Ay

end function

function Gz(xf1,yf1,zf1,xgs,ygs,zgs,KN,KM,XN,XM,v,u,h) Ix11=xf1, y11=yfl, z11=zf1
luse IMSL
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implicit none

real(kind=8) xf1,yf1,zf1,xgs,ygs,zgs 'x11=xf1, y11=yfl, z11=zf1
real(8)::y,Zxy,Vc,G2

real(8)::B,C,D,C1,C2,C3,C31,CC,DD
real(8)::k5,k6,R1,R2,R3,R4,Pi

real(8):: KN,KM

real(8):: XN,XM,v,u,h,U1,U2

complex(kind=8)::A,Gz,AA

complex, parameter:: i=(0,1)

INTEGER, PARAMETER:: N=0

DOUBLE PRECISION X1,X3,J0,Y0,P0,Q0,MBSL1,MBSL2

Pi=3.1415927
k5=KN
k6=KM

Zxy=(xf1-xgs)**2+(yfl-ygs)**2

Vce=sqrt(Zxy)

y=(Vc)**2

R1=Zxy+(zf1-zgs)**2; R2=Zxy+(zf1+2.0*h+zgs)**2
R3=sqrt(R1); R4=sqrt(R2)

X1=k5*Vc¢

X3=k6*Vc
JO=MBSL1(N,X1)

Y0=MBSL2(N,X1)
PO=MBSL1(N,X3)

Q0=MBSL2(N,X3)

IU1=(zgs+h)/h; U2=(zf1+h)/h

Ul=(zgs+h); U2=(zf1+h)

A=cosh(k5*U1)*(Y0+i*JO0); B=k5*sinh(k5*U2); C=2.0*Pi*(v*v-XN*XN);
D=(XN*XN)-(v*v)+v !with h

68



AA=-0.5*Pi*KM*cos(KM*U1)*sinh(KM*U2)*(Q0+i*P0);
CC=4.0*(XM*XM+u*u); DD=(h*XM*XM)+(h*u*u)-u
C1=1.0/R3; C2=1.0/R4; C3=C1+C2; C31=(-(zf1+2.0*h+zgs)/(R2*R4))
G2=C/D
Gz=G2*B*A

end function

SUBROUTINE Newton_KN(gN,grav,h,KD)

implicit none

INTEGER N

REAL(8):: KN,KD,y

real(8):: x,qN,grav,h,CN,DN,EN,FN
Open(450,file="Result for DTO.dat’)

x=(gN*gN/grav)*h

IF (x<=2.0) THEN
KN=sqrt(x)*(0.994+0.1701*x+0.0305*x*X)
ELSE
KN=x+2.0*x*exp(-2.0*x)-6.0*x*x*exp(-4.0*x)
END IF

y=KN
CN=tanh(KN*h); DN=cosh(KN*h); EN=sinh(KN*h); FN=sinh(2.0*KN*h)

N=1
DO WHILE (ABS( F(y) ) >= 1E-6 .AND. N < 5000)

y=y-(F(y)/DF(y))

N=N+1
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IRETURN
END DO
KD=y/h
CONTAINS

FUNCTION F(y)

REAL(8)::y, F
F=0.5*LOG(10.0*(y+x)/(y-X))-y
End FUNCTION F

FUNCTION DF(y)
REAL(8)::y, DF
DF=-(x/(y*y-x*x))-1.0
write(450,*) gN,KN
End FUNCTION DF

End SUBROUTINE Newton_KN
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